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LEGENDRE TRANSFORMS 


By C. J. TRANTER (Shrivenham) 


[Received 20 October 1948; in revised form 28 July 1949] 


Summary 


INTEGRAL transforms containing Legendre polynomials as kernels are 
defined and inversion theorems set up. Two such transforms are applied, 
in the manner now established for the solution of boundary-value 
problems by integral transforms, to two problems with ‘mixed’ boundary 
conditions. One of these problems was proposed by J. W. Nicholson 
who failed to solve it by orthodox Bessel—Fourier analysis and the 
second is a generalization of Weber’s and Gallop’s classical problems on 
the electrified disk. 


1. Introduction 


Laplace, Fourier, Hankel, and Mellin transforms have recently 
been applied to the solution of boundary-value problems of mathe- 
matical physics. The application of such transforms often reduces 
a partial differential equation in » independent variables to one in 
n—1 variables and it is often possible, by successive operations of this 
type, to reduce the problem to the solution of an ordinary differential 
equation. 

Most of the work done has involved problems in which the range of 
a variable has been (0,00) but Doetsch* has extended the theory to 
finite ranges in the case of Fourier transforms and, more recently, 
Sneddon} has discussed finite Hankel transforms. Sneddon has also 
suggested extensions to transforms with other kernels but he gives no 
examples. 

The object of the present note is to define transforms in which the 
kernel is a Legendre polynomial, to set up appropriate inversion 
theorems, and to apply the theory to two problems involving ‘mixed’ 
boundary conditions. It seems appropriate that the transforms defined 
below should be termed Legendre transforms and this terminology is 
adopted throughout. 

* G. Doetsch, Math. Annalen, 112 (1935), 52-68. 
+ I. N. Sneddon, Phil. Mag. (7) 37 (1946), 17-25. 


Quart. J. Math. Oxford (2), 1 (1950), 1-8 
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2 Cc. J. TRANTER 
2. Legendre transforms and their inversion theorems 

If P,(u) is the Legendre polynomial of degree n (n a positive integer), 
Whittaker and Watson* quote that 





(m—n) even 


I define ae odd Legendre transform by 
1 
Veon+1 - | VP an sal) du, (2) 
0 


V being supposed a function of » and J,,,,, a function of n. Application 
of (1) immediately gives as the inversion theorem for this transform 


V = ¥ (4n+3)Pan sx Ponsalt) (3) 


Similarly the even Legendre transform is defined by 


1 
Von = | VPan(u) dp, (4) 
0 
and its inversion theorem is 
V =X (4n+ Pan Panu). (5) 


Other Legendre transforms could be defined. Thus we could take 


1 
= [ VP,(u) dp, (6) 
-1 


and, from the resultt 


0 (m 4 
{Pa Pale Pat) p= {9 ¢9n-41) (om wp ”) 


the appropriate inversion theorem would be 
V= 4 (2n+1V, Palu). (8) 


However, in the present work, I shall use only the odd and even 
transforms defined respectively by (2) and (4). 

It is evident that no result could be derived by using Legendre 
transforms as defined above which could not have been obtained by a 
direct use of expansions in Legendre polynomials. The advantage of 
the use of these transforms is that they reduce the analysis involved 


* E. T. Whittaker and G. N. Watson, Modern Analysis (Cambridge, 1927), 306. 
+ Whittaker and Watson, loc. cit. 305. 
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in the solution of boundary-value problems almost to a ‘drill’ and 
bring the work into line with recently published work of this type 
involving Laplace, Fourier, and other integral transforms. 


3. The transforms of @/@u{(1—p*)eV /apu} 

In the applications given later, we shall require the odd and even 
transforms of @/éu{(1—?)éV/@u}. These transforms are easily obtained 
as follows. Using Legendre’s equation in the form* 


pa —p?)P,(u)} = —m(m+1)P,,(u), (9) 


and integrating by parts we find 
1 1 
é oV aV eV 
| 5 {0—# = jE) dp = —P,(0)| | _ | 0—w yr du 
Op p=0 : (ad 


Op op 
0 


1 
eV 4 7 
- — Pal] Zr] + Pmt .-o—m(m-+1) | VP,(u) dy 
0 
OV = 
a= —Pa(O)| EE] tmPan-a OM Jo— men +1)P (10) 


1 
where V,, = | VP,,(u) dp, (11) 
0 


and we have used the relation 


P,,(0) = mP,,_,(0). (12) 


4. An application of the odd Legendre transform 

Nicholson} has proposed the problem of finding a function V which 
satisfies Laplace’s equation in the semi-infinite solid z > 0 such that, 
on the surface z = 0, 0V/éz = f(p) inside the circle p = a, and V = F(p) 
outside this circle. F and f are given functions of p, it being assumed 
that they are such that the various integrals which arise in the solution 
exist.{ Nicholson has failed to find a solution by the usual Bessel— 
Fourier analysis, and the problem is here solved by transforming from 
cylindrical to oblate spheroidal coordinates and using the odd Legendre 
transform. 


* I am indebted to a referee for improvements in the analysis of this section 
and for other helpful criticisms. 

t+ J. W. Nicholson, Phil. Trans. Royal Soc. (A) 224 (1924), 303-69. 

t See also § 7. 
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We write z= apl, p = a(1—p?)#(14+ 2?)}, (13) 
and it is easy to show that the surfaces » = constant, £ = constant are 
respectively hyperboloids of revolution and oblate spheroids. The 
spheroid £ = 0 is the circular disk p < a, z = 0, while » = 0 is the 
remainder of the plane z= 0. In the coordinates (u,{), Laplace’s 
equation becomes 





@ av), a av 
Z {aw }+5(a+m eg] =o @<a<bt>0 (y 
and the boundary condition on z = 0 is 
1 aV 
ap ol = f{a/—p*)} (¢ = 0), (15) 
V = Flal(l+2)} (uv = 0). (16) 


Multiplication of (14) by P,,(u), integration with respect to » between 
0 and 1, and use of (10), (16) gives 


a {a+e) Ta\—mim+1Wq 
- P,(0)| 


We do not know the value of éV/éu when p = 0, but this term can be 
eliminated by taking m = 2n+1 (n an integer) since P,,,,,(0) = 0. 
Thus we have for solution the ordinary differential equation 





aV 
Ch 





—mP,_1(0)F{ay(1+22)}. 
p=0 





LZ . 
{1+} ent ent 2 Panes = Ran (07) 
where Bansal) = —(2n-+1)Pa,(0) Flay +2}. (18) 


After multiplication by P,,,,,(u) and integration over (0, 1) the boundary 
condition (15) becomes 


al 1 
a “r | pf{a(1—p)}Ponia(u) du (f = 0). (19) 


0 
The solution of (17) can be effected by the method of variation of 
parameters and the use of the oblate spheroidal harmonics introduced 
by Nicholson.* These harmonics, denoted by p,,(x), ¢,(2), are solutions 
of the differential equation 
d 


7,{0-+2") SE} —min+ Dy =0, (20) 


* J. W. Nicholson, Phil. Trans. Royal Soc. (A) 224 (1924), 49-93. This paper 
will be referred to subsequently by [N] followed by a page number. 
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and their properties are summarized by Nicholson on pp. 52, 53 of the 
paper referred to. 
Thus we write, as the solution of (17), 


Vena = Aonsr(l)Pensi(b)+ Bonsa(l)den+1(6)s (21) 
V, + , , 
so that 88 — Aan a(C)pinsa(l)+ BonsalOMansald) (22) 
provided that 
Pons1(S)Aonsi(£)+Gens1(6) Bonsi(Z) = 0, (23) 


dashes denoting differentiation with respect to {. Multiplication of 
(22) by (1+-2?), differentiation with respect to f, substitution in (17) 
and use of (20) with (2n+-1) for n, gives 
Pan+1(S)Aonsa(S)+9on+1(S)Bonsa(S) = Ronsi(S)/(1+¢?). (24) 
Solving (23), (24) for A3,4:(¢), Bon41(¢) and use of the relation [N 78], 


Pi(2dn(0)—aalO) Pall) = 1/1 +22), (25) 
mame te Abnar() = Bansa(lansa(0): (26) 
Bonar(2) = — Ronis(S)Ponsr(E)- (27) 


Since V is to vanish when {> 00, JV,,,,, and therefore A,,,,,(£) must 
also vanish under this condition. Hence, from (26), 


Aansa() = — | Bonsr(® onsale) de. (28) 
c 
From (22) and (19), 


1 
A 9n41(0) Pen41(0)+ Bon+1(9)dan+1(9) =e | pf {aJ/( —p*)} Pon sa(H) dp, 
° (29) 
and, since [N 53] 


Pinsa(0) = —=dana(0) = SEE i = (—1)"(2n+1)P,,(0), (30) 


we have 


$77 Bon +3(0) — Agy, +1(0) = 





1 
—— ae 

Se P PD Hf {a1 —p?)}Ponsa(u) Ap. 
iis (31) 
Finally, equation (27) gives 


4 
Bonsall) = Bonss(0)— [ Ronsal)Pansa(t) do. (32) 
0 
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The complete solution to the problem, by using (21) and the inversion 
theorem (3), is therefore given by 


V = ¥ (4n+8)[ Aan sa )Panial®) + Bonsa(2)dons1(2) |Pansa()s (33) 


A,z,,+1(¢) being given by (28), B,,,,,(0) by (31) and (28) with = 0, and 
Bonsi(f) by (32). 


5. An application of the even transform 

The similar problem of finding a function V satisfying Laplace’s 
equation in z > 0, such that on z = 0, V = F(p) inside the circle p = a 
and éV /éz = f(p) outside this circle, can be similarly solved. In terms 
of oblate spheroidal coordinates we now have to solve (14) with 


V = Ffa(i—p*)} ({ = 0), (34) 


1 oe 
ie ae i 1+72 _— x 
af i TINO) w= 9) (35) 
We proceed as in § 4, but, since V is not now known on pu = 0, we 
take m = 2n and, without going into details of the analysis, the result is 


2) 


V= Zz (4n+1)[Aon(L)Pon(Z)+ Bon(L)don(2)|Pon() (36) 


n=0 


where A,,,(f), B,,,(f) are given by 


i 9) 


Aan(l) = — [| Ren(®)don(a) de, (37) 
4 


4 
Boy(£) = Bay(0)— | Ran(2)Pon(x) de, (38) 
0 


1 
nBy,(0) = —Ang(0) +5 | Flay—v?)Pan(H) du, (39) 
2n* 
0 


and Ron(t) = Pyy(0)ax f{ay(1+-2%)}. (40) 


6. Special cases 

The result just given can be illustrated by considering the special case 
of the steady temperature in a semi-infinite solid, the surface of which 
is kept at unit temperature inside the circle p = a, the rest of the surface 
being impervious to heat. This solution also gives the potential in z > 0 
due to an electrified disk of radius a whose surfaces are at unit potential, 
a problem considered by Weber.* 


* H. Weber, Jour. f. Math. 75 (1873) 75-105. 
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Here F(p) = 1, f(p) = 0: equation (40) gives R,,,(x) = Oand (37), (38), 
(39) lead to 


A,,(f) — 0, 1 
—1)"2 
B. a B = (—1)"2 
en(S) 2n(0) mP,,,(0) J Py, (u) du 
7 0 (nO) 
~ \2/r (n = 0). 
Hence (36) gives, since P,(u) = 1, 
V = (2/m)go(6), (41) 
and using the results* 
Py(v)an(S) = (Array? [ e*Ug(Ap)In4(Aa)A- aA, (42) 


0 

and J,(Aa) = (2/7Aa)! sin Aa, we have, in cylindrical coordinates, 

V = (2/n) | e—*J,(Ap)sin Aa A-! dA, (43) 

0 
which is Weber’s result. 
By using a particular case ({ = 0) of the expansion of 
e“haut Jfa(1—p2)#(14-£2)8} 

in terms of Legendre polynomials given by Nicholson [N 56], the results 
(36)-(40) are easily applied to the case of the electrified disk with 
surface potential J,(cp) (c constant), a problem solved by Gallopy and 
of which Weber’s problem is a particular case. 


7. Verification of the solution 

The analysis given is strictly formal, and it should be verified that 
the solutions do in fact satisfy the differential equation and boundary 
conditions. If F = 0 in the problem of § 4, this is easy, but verification 
in the general case seems a formidable problem. The problem of 
assigning to F and f conditions sufficient to justify the solution given 
is an interesting one; that the solution does hold at any rate in certain 
cases when F' does not vanish can be seen from the following example. 

Suppose we take 


9 


. 2. 
fle) = -—z—m_—i OO <<), = Fe) = =sin-= (p >a) 
m(a— p*) 2 p 


* J. W. Nicholson, Phil. Trans. Royal Soc. (A) 224 (1924), 320. 
+ E. G. Gallop, Quart. J. of Math. 21 (1886), 229-56. 
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in the problem of § 4. Then, omitting details of the algebra, we find that 
A gnsi(S)Ponsa($)+ Bonsi(S)Gonsa(2) = 7-(n+1)-1P,,,(0)cot-Xé, 


giving 








4 3 p 
V = -cot- Pits: me Pan O)Pan s(t) 


= (2/m)cot-1. 


This is the correct solution. The example is, of course, the field due to 
an electrified disk starting from the charge distribution on the disk and 
the potential of the external field in the plane of the disk. Similar 
remarks apply to the solution given in § 5. 
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NOTE ON SUSPENSION 
By J. H. C. WHITEHEAD (Ozford) 
[Received 1 January 1949] 


1. Introduction 

OnE of the main tasks in homotopy theory is the calculation of homo- 
topy groups of given spaces. There are two outstanding methods of 
doing this. One is the use of fibre spaces. The other, with which this 
note is concerned, is the method of suspension (Einhangung), which was 
originated by H. Freudenthal in [1].t We define the original suspension 


homomorphism, €:2,_,(S"-1) > 7,(S8*), 


S* being a k-sphere, in a way which shows how it is related to the 
Eilenberg—Steenrod ‘excision’ axiom,{ in their axiomatic treatment of 
homology, and also to Theorem | below. Let EZ” and Ej be ‘Northern’ 
and ‘Southern’ hemispheres of S” and let§ S"-! = E" = En. Consider 
the homomorphisms 


m,_1(S"-1) 2 a,(E", 8-1) 5 a(S, En) L (82), 


where @ is the boundary homomorphism and #, j are injections.|| Since 
E”, E% are contractible, it follows that 0, 7 are isomorphisms (onto) and 


€ = jd: 7,_,(8"4) > 7,(8”). (1.1) 


The homomorphism 7 is analogous to the one which appears in the 
excision axiom and also to g, in Theorem 1 below. I extract from [1] 
what I call the 


CRUDE SUSPENSION THEOREM. If r < 2n—2, then 
€:7,_,(S"1) = m,(8") 
and Ezan~3(S"-?) = Ton—-2(S"). 


+ See also [2]. Numbers in square brackets refer to the list of references at 
the end of the paper. 

t Axiom 6 in [3]. This interpretation of suspension in terms of excision was 
pointed out by Eilenberg at the Princeton Bicentennial Conference (1946). 

§ EH” will always denote an n-element (i.e. a homeomorph of an n-simplex, 
boundary included) and E” will denote its boundary. 

|| By an ‘injection’ we mean the homomorphism, 7,(B, A)—> 7,(Y, X), which 
is induced by an identical map, (B, A) (Y, X), where ACBcCY,AcXCY. 
In particular A may be a single point, in which case 7,(B, A) is an absolute 
homotopy group. 


Quart. J. Math. Oxford (2), 1 (1950), 9-22 
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In the light of (1.1) our Theorem 1 is seen to be a generalization of this, 
with X, Y, and g, playing the parts of H?, S", and 7. In § 6 we consider 
the corresponding generalization of Freudenthal’s more delicate results, 
which state conditions for € to be onto when r = 2n—1 and for it to 
be an isomorphism when r = 2n—2. 

Throughout this paper we shall be dealing with a (Hausdorff) space, 


Y= XU {ef}, 


which consists of an arewise connected sub-space X and a set of cells 
‘{e¥} which are disjoint from each other and from X. Each e§ shall be 
open in Y and its closure shall be the image of an n-element LY in a 


map, 
, $q:(E%, B®) > (Y, X), 


such that ¢, | #¥—E% is a homeomorphism onto e%. Since each of the 
cells e? is open, so is their union, whence X is closed. The set {e¥} may 
be infinite provided that the topology of Y is such that any compact 
sub-set of Y is contained in the union of X and a finite number of the 
cells {ef}. This will be the case if Y has the weakest topology which is 
consistent with our conditions. For, with this topology, a sub-set, 
F cY, is closed provided that Fn X and F/O & are closed, for each 
value of A. Let y, een F, where {ef} is the aggregate of the cells 
in {eX} which meet F’. Since the set {y,,} is disjoint from X and meets 
each é¥ in at most one point, it and likewise all its sub-sets are closed. 
Therefore {y,} is discrete and closed. If F is compact, then {y,} is 
compact and hence finite. 


2. The crude suspension lemmas 

Our Theorem 1 depends on two lemmas, which occur implicitly in 
[1] and [4]. I present these explicitly and in a generalized form. Let 
{eX} consist of a single cell e? so that Y = X Uef?. We give Et the 
geometry of a convex n-element in Euclidean metric space and we give 
e” the geometry which makes ¢, | E?— E? isometric. 

Itet B be the join of a finite polyhedron A and a point b,¢ B—A. 
We imbed B in a Euclidean metric space in such a way that it is the 
cone swept out by the rectilinear segment b, a, as the point a describes A, 
and b,a does not meet A except at a. I shall use 5 to denote the 
Euclidean distance function, both in e? and in B. Let y, € e? be a given 


point and let 65:(B, A) > (Y,X) 


be a given map. 


























a — oe — a . —_ 
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Lemma 1. Let 7,(X) = 0 for s = l.,...,k, where 1 << k <n, and let 
dim B <n+k—1. Then there is a homotopy 

6:B—+Y, relA, 
such that either 07 +y, is empty or OF 1yY5 = Dp. 

Let V c Y be a neighbourhood of y, such that V c e®. Let L be an 
infinite triangulation of V such that the diameter of a variable simplex o 
of L tends uniformly to zero with 5(¢,V—V). Moreover let L be con- 
structed so that y, is interior to an n-simplex o” of L. Let K be a 
rectilinear triangulation, in general infinite, of 051V such that the 
simplicial neighbourhood of each vertex of K is mapped by @, into a 
simplicial neighbourhood in L. Let 

&:B>Y (& = %) 
be a homotopy, rel B—@71V, and hence rel A, such that €,|K is a 
simplicial map into L, which is determined by a canonical displacement 
of vertices. Since the diameter of a simplex o of LZ tends uniformly to 
zero with 5(c, V—V), it follows that €, is continuous. 

Since €, | K is simplicial and since y, € o*—o" and dim B < n+-k—1, 
it follows that €[1y, is a polyhedron of at most k—1 dimensions. If 
E> ly, is empty, we take 0, = €,. If not, let C be the locus swept out by 
the linear segment 6,6 as b describes} €[1y». Then C is a polyhedron 
of at most k dimensions. The sub-set é>1o" c B is a polyhedron and 
C—£;'o" consists of the two disjoint sets 

C—£ 10", Cn é&(o"—6"), 
which are relatively open in C. Therefore 
(C—fy 10") U Ey te” 
is a polyhedron D, say. Since D—£é;16" c C, we have 
dim(D—€y 16") < k. 

Let Y, = Y—(o"—6"). Obviously X is a deformation retract of Yp. 
Therefore 7,(Y)) = 0 for s = 1,...,k. Also 7,6") = 0 for ¢ = 1,...,k—1, 
since k < n. Therefore it follows from the exactness of the sequence 

74(Yo) — T5(Yo, o”) - Ts4(") 
that 7,(Yo,6") = 0 for s = 1,...,k. Hence, and since dim(D—£é7 16") < k, 


there is a homotopy 
™m:D > Yp, rel E710", 


+ We accept the possibility that b) b may also meet €71y, in points other than b 
(e.g. in by). See § 7 below for some elementary propositions on polyhedra which 
are taken for granted in the following argument. 
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such that y) = £,|D and 7, Dco". We first extend », to a homotopy 
Ne: B—E>(o*—6*) bait Y, rel A U &; 16", 

such that »)b = €,6, and we then define n,q = €,q if ge 10". The 

result is a homotopy ni BY, vel A, 


such that n) = €, and 
11 Yo = Er HC C, ™m C co". 

Let « > 0 and let Fc B be the set of points whose (Euclidean) 
distances from C are at most «. Let F* c F be the set of points whose 
distances from C are exactly «. Since »,CcV, we have y,FcV, 
F c B—A, provided that « is sufficiently small. Let this be so. Then 
it follows from an elementary geometrical argument, since B is convex 
from by, that F is also convex from by and that each ray / issuing from 
bo, meets F* in a single point, which is the last point in F n/. Let 

A: F*xI—> F, pi F*xI->Y 

be the maps in which A(b,t) and y(b,t) divide the segments b,b and 
Yo(n, 5) c ef in the ratio ¢:(1—t), where be F*. Then pA: F>Y is 
single-valued. Since F*, likewise F* x J, is compact, it follows from 
the continuity of » that, if Zc Y is closed, A(u-1Z) is compact. It is 
easily verified that A(u-1Z) = (wA-!)-*Z. Therefore pA-! is continuous. 
Since pA-'b = »,b if be F*, it follows that 6,:B—Y is continuous, 
where 6, = y, in B—F and 0, | F = pA-. Since n, F* c V—ypo, because 
ni Yo C C, it follows that 6[1y, = by. It follows from the convexity of 
e? that », ~ 0, by the homotopy, 7}, rel(B—F), in which 76 (b € F) 
divides the segment joining 7,6 to 0,6 in the ratio t:(1—t). Therefore 
6, =~ 9,, rel A, and Lemma 1 is proved. 

Notice that §(8>1V) c V and that »,F c V if V is convex. 

Let A, B mean the same as before and let 7,(X) = 0 for s = 1.,,...,k4 
(lx k<n). 

Lemma 2. Let dim B < n+k—2, let 

6,:(B,A) > (Y,X) 
be such that 65 4y>) = b, and let there be a homotopy 
A,:(B, A) > (Y,X) 
such that ry = 9, A, Bc X. Then 6, is inessential at yy. That is to say, 
given a neighbourhood V c Y of yo, there is a homotopy 0,: B > Y such that 
(a) 6,18 rel(B—@5"V), 
(6) 0(057V)c V, (2.1) 


(c) 6,BcY—y. 
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Let B’ = BxI. Then B’ is swept out by the rectangle b,ax J as 
a describes A. Since b,ax J is the join of 


by = (bo,0) and (axJI)U (bax 1), 
it follows that B’ is the join of bj and 
A' = (AxI)U (Bx}1). 


Also dim B’ < n+k—1 and @,A’c X, where @,:B’ > Y is given by 
6,(b,t) = A,b. Therefore Lemma 1 is applicable to 6. The conditions 
(2.1) are satisfied if they are satisfied with respect to a smaller neigh- 
bourhood Vc V. Therefore we take V to be a convex n-cell such that 
V ce”. We imbed B in B’ by identifying each point 6 € B with (b, 0). 
Then 0, = 0 | B. 

Let W c B be a neighbourhood of by (e.g. a simplicial neighbourhood) 
which is convex from by and which is contained in 651V. Let &: B’ > Y 
be defined in the same way as &, in the proof of Lemma 1. Since 
65 Yo = bo, we have 6.(B—W)c Y—y,. Since B—W is compact, it 


follows that ¢'(B—W)c ¥—yy, 
provided that €; is a sufficiently good approximation to | = %. This 
being so, we have Bn é,-1y,c W and hence Bn C’c W, since W is 
convex from bj, where C’ is swept out by 5)’ as b’ describes £,~lyp. 
Hence, and since £,6,-1V c V and V is convex, it follows that 6: B’ > Y 
may be constructed, as in the proof of Lemma 1, so that 6; | B satisfies 
(2.1a) and (2.16) and 6,—1y, = 55. 

Let U c B be a neighbourhood of by such that 

Uc 051, Oc 6-7 V. 
Then there is an « > 0 such that Ux(0,¢)c@,1V. Let p,:B> B’ 
be defined by p(b,0) = {b, etn(b)}, 
where 7(b) = min{1,5(b, B—U)}. Then p, is rel B—U and 
6p,U cV, 6p, Bc Y—y. 

Therefore the conditions (2.1) are satisfied by the homotopy which 
consists of @;| B, followed by 6; p,. 


3. The crude suspension theorem 

Let Y= XU {e%} 
be the space described at the end of §1. Let a ‘whisker’ p,q) be attached 
to a point q, € EY, for each value of A. That is to say, p,q) is a 1-simplex, 
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which meets EH} in the single point g,. Let the spaces p,q, U EL} be 
disjoint from each other and let 


Y’ = U(p) q, U EX) 


be the space in which each p,q, U EY, with its own topology, is both 
open and closed. Let Q be the space which is formed by identifying all 
the points p, with a new point p,, to be taken as base point. Let | 


P = U(poq U E}). | 





Any compact sub-set of Q is contained in the union of a finite number 
of the sub-spacest p,q, U HY. Therefore the pair P, Q is of the same 
sort as X, Y. 

Let a point 2) ¢ X be taken as base point in Y, let 


$:(Q, P, po) > (Y,X, %) 
be a map such that ¢ | EY = dy, and let 

9r:7(Q, P) > 2,(¥, X) 
be the homomorphism induced by ¢. 


THEOREM 1. Let 7,(X) = 0 fors = 1,....k(l1<k<n). Then 
9,:7(Q,P) = 2(¥,X) (r= 2,....n+k—2) 

and 9n+%-1 18 onto. 

Let 2<r<n+k—1 and let 

65: (17, I") > (Y, X) 
be a map which represents a given element a € 7,(Y,X), where J’ is an 
r-dimensional cube. Since 6, /* is compact, it is contained in the union 
of X and a finite number of the cells {et}. Therefore we may assume that 
Y= XvUeu...ue (3.1) | 

for some finite value of m. 

Let Y be given by (3.1) and first assume that m = 1. Let y) € ef. 
Then Y—y, contracts into X by a radial projection from y). Therefore 

i:m(¥,X) = 7,(¥, ¥—yo), 

where i is the injection. Since ¢, | H?— EZ? is a homeomorphism onto e®, 
it follows that ia € ig,7,(Q, P) if ia is represented by a mapt IJ’ > e®. 
This is obviously so if ia has a representative map 0, such that 07 1y, is 
either empty, in which case ia = 0, or a single point. Therefore, it 
follows from Lemma 1 that ig,, and hence g,, is onto. 





a 


ge _ e 


{ Cf. the final paragraph in § 1 above. 
} Since 7,(X) = 0, we may ignore base points. 














ee 
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a 
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Let m > 1, let X’ = Y—e®, and let 
a':2,(Y,X) > 2,(Y, X’) 
be the injection. Since k < n, we havef 7,(X’) = 0 for s = 1.,...,k. 
Therefore it follows from what we have already proved that there is a 
a u:(I", I") + (Q, P) 
such that dw represents i’a. The map ¢w also represents an element 
beg,7,(Q, P) and 7’(a—b) = 0. Therefore a map representing a—b is 
homotopic, rel /", to a map in X’. Therefore it follows from induction 
on m that g, is onto 7,(Y,X). 
Let r < n+k—2 (n > 2) and let 
ug: (I", 1") > (Q, P) 
be a map which represents a given element bE g71(0). Since wl" is 
contained in the union of a finite number of the spaces p,q, U EY, we 
assume that Y is given by (3.1). Let ex" = E{— EX and let 
Q, = PUEPU... Ue” = Q,_1 U a, 

where 1 <h <m and Q, = P. Let 2, be a point in e,” and assume 
that u,J7c Q,. Since k < n, we have 7,(Q,-_,) = 0 for ¢ = 1,...,k—1. 
Since r < n+(k—1)—1, it follows from Lemma 1, with X, Y replaced 
by Q,-1, Q,, that 


where u; 'x, is a single point. Let V c Y be a neighbourhood of ¢2,, such 
V n 
that V c ef, and let 0, = du,: I" -> ¥. 


Since g,b = 0 and r < n+k—2, it follows from Lemma 2 that there is 
a homotopy 6,: 1" > Y which satisfies the conditions (2.1), with 
B,A,Yo = I’, I", ay. 
Let w,: 1" > Q be defined by 
, be if pe l*—051V, 
Up = ie ye -~197 
d0,p if ped'V. 

Then wu) = u, u; is rel J*, and ui 1" c Q,—a,. On projecting Ef from x, 
onto E? we have u, ~ uw, rel /*, where uw, I" c Q,_,. Therefore it follows 
by induction on h that 6 = 0 and the theorem is proved. 

It is well known that, if k = 1, then g,,,;_, is also an isomorphism. 
On considering the suspension 7,(S?) > 7,(S%) we see that this is not 
necessarily true if k > 1. This may be explained as follows. 

Let M* be a bounded, orientable manifold whose boundary is an 


Uy ~ U,: 1° > Q,, rel lr, 


+ See the conclusion of [5]. 
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(r—1)-sphere, S*-1. Let 6): S*-! > S”-1 be a map which has an extension 
6: M*-+ S"-!, Then 6, is inessential if r = n, but not necessarily if r > n. 
For example (x = 3, r = 4), let M* be the closure of a suitable neigh- 
bourhood of a complex line S? in a complex projective plane and let 
0: M* + S? be a retraction. Then @| S* has Hopf invariant +1, where 
Fo B, 


4. Application of Theorem 1 

We now prove a theorem by means of which Theorem 1 can sometimes 
be applied to the calculation of z,(Y) when z,(X) is known. Obviously 
Q is contractible into the point p), whence z,(Q) = 0 for every r > 1. 
Therefore it follows from the exactness of the homotopy sequence of 


— @,:0(Q, P) & m,(P) (r > 2), (4.1) 
where 0, is the boundary homomorphism. Also 
Be Gr = hy-1%; (4.2) 


where h,:7,(P) > 7,(X) is the homomorphism induced by ¢ | P and f, 
is the boundary homomorphism in the homotopy sequence 


7(Y¥) > 7,(¥, X) B tr-l(X) => t-al?). (4.3) 
If g,b = 0, where b €z,(Q, P), it follows from (4.2) that h,_,é,b = 0. 
nares 97 1(0) ¢ 8 Mhz (0). (4.4) 
I say that 
(a) Ir ©, > h,- 3,(0 ) cj, mY) 4 
4, 
(6) yaa ma(P) C i540). vies 


For it follows from (4.2) that 
Br Op 1 hp y(0) = h,_1 2,0, *hz,(0) = 0. 
Therefore (4.5a) follows from the fact that j,7,(Y) = 8-1(0). The 
relation (4.5 6) follows from (4.2), written in the form h,_, = B,9,é@71, 
and the fact that i,_,8, = 0. 
THEOREM 2.+ (i) g71(0) = 0 tf and only if g, | &- *h;1,(0) is an isomor- 
phism into j,7,(Y). 
(ii) g,7,(Q, P) = 7(¥,X) if and only if 
(a) 9,0, *h,,(0) = jm fe 
4 2 ; 4.6 
(6) hyam%a(P) = i700) — 
Part (i) follows immediately from (4.4) and (4.5 2 
Let g,7,(Q, P) = 7,(Y,X). Let a €j,7,(Y) = BF 1(0) be given and let 
beg; a. Then 8,.g,b = 0, and it follows from (4.2) se h,_, 2,6 = 0. 


+ In this theorem no explicit restriction is imposed on 7,(X). 
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Therefore 6 € é>*h>1,(0), which, together with (4.5 a), proves (4.6 a). 
Also it follows from the exactness of (4.3) and from (4.2), (4.1) that 

i;3,(0) = B, 7, AY, X)= By Or Tr (Q, P)= h,_4 7,-4(P). 
Therefore (4.6) are satiated. 

Conversely, let (4.6) be satisfied and let a € 7,(Y,X) be given. Then 
B,.a €1;1,(0), by the exactness of (4.3), and it follows from (4.65) that 
B,a i h. 15 = h,_ 19,¢ = B, Gre; 
where 6 €7,_,(P) and ¢c = @é7%). Then g,c—a€j,z,(Y) and it follows 
from (4.6a@) that g,c—a=g,c’, where c’c72,(Q,P). Therefore 

g,(c—ec') = a, whence g, is onto. This completes the proof. 

Theorem 2 shows that, if {eX} consists of a single cell, Theorem 1 is 
equivalent to Theorem 8 in [4]. The homomorphisms ¢, and ¥%, in [4] 
are the same as 7, and 

3 (Gs | Os *hs-1(0)}, 
where j*:7,(Y)—i,7,(X) = j,7,(Y) is the isomorphism induced by j,. 
5. A theorem on 7,,( Y) 

In this and the following section {e} shall consist of a single cell. We 
discard the whisker p,q, and also the subscript A in ef, FE}, ¢,. Thus 
Y = X Ve" and we now insist that ¢| £” shall be homotopic in X to 
a constant map. We take EH” to be the northern hemisphere on an 
n-sphere S” of which E£f is the southern hemisphere. Then ¢ has an 


extension :(‘S", En) > (Y,X). 

Let points p,¢ HE” and x) = dp, € X be taken as base points and let 
ft _(S") > t%m(¥)  (m > n) 

be the homomorphism induced by ¥. Let 


t:7,,(X) > 7,,(Y) 
be the injection. 


THEOREM 3. (a) i and f are isomorphisms (into) and 
i7(X) Nf2,(S") = 0. 
) If 7(X) = 0 fort s = 1,...,.m—n+1, then 
Tn(Y) = dtty(X) +f (S"). 
Let (r,p), with 0 <r <1, pe E*, be polar coordinates for EZ”, with 


+ Notice that m may be arbitrarily large, n being fixed, unlike r and k in 
Theorem 1. A weaker form of this theorem appeared as a corollary to Theorem 8 
in [4]. If X is a p-sphere, it follows from the theorem in § 1 of [7], the proof of 
which depends on a special case of Theorem 1 above. 

3695,2.1 Cc 
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an inner point, ¥) = (0,p), as origin. Let p:H" —> EH? be a homeo- 
morphism such that p|#" = 1. After a preliminary homotopy of y, 
rel H”, we assume that %p(r, p9) = 2%, for each r € IJ. Then the homotopy 
;, which is defined below, does not shift jp. 

Let Y, = X Vet, where éf = S? is an n-sphere, which meets X in 
the single point x). Let y,:S" > Y, be defined in the same way as %, 
with ~, Hj = 2, and let f,:7,,(S") > 7,,(¥,) be the homomorphism 
induced by y#,. Then %, ~ yo, where ys, is a homeomorphism onto S?. | 
Therefore Theorem 1 (a), with Y, f replaced by Y,, f,, is trivial because 
of the retractions 


(Y,, ST) —- (X, 29), (Y,, X) = (S%, Xo). 
Let h:Y + Y, be given by h| X = 1 and 


2 f O< 2 <1 
h = py ( 1, p) 1 — ~~ e 
o(r, p) ain - i < 29 < 2, 








where (r,p)¢ EZ". The map h has a homotopy inverse,t h,:¥, > Y, 
which is given by h, |X = 1 and 
2r, p) if 0<2r<l 
h ,! sane ( »P ee | a il 
Val P) irs if 1<2r<2. 
Therefore k:7,,(Y) ~ 7,,(Y,), where k is induced by h. Let 4:8" > Y, 
be defined by 





He ny  [er2—t),p} if OS r <1/(2—4), 
re) = (geet 1,9) if 1/(2—-t)<r<l, 


vi p(r, p) = dp{r(1—t), p}. 

Then yj = hy and ¥, = y,. Hence, and since h | X = 1, it follows that 
kf = f,, ki = 1,, where i, is the injection z,,(X)— 7,,(Y,). Therefore 
Theorem 1 (a) follows from the corresponding proposition concerning 
Y,, ty, f 1° 

Now let 7,(X) = 0fors = 1,...,.m—n-+1. In proving (b) we obviously 
lose no generality by attaching a whisker 2) 2x, to Y at 2). Therefore we 
assume that some point x, €¢ X has the following property. There is a 
neighbourhood U c X of x, and a homotopy 


Uy:(X, 24) > (X, 2) (5.1) 
such that uw, = 1, u,U = 2,. After a preliminary homotopy of ¥, rel EZ”, 


we assume that ypy,) = 21, instead of Yp(r, p)) = Xp. Since 7,(X) = 0, | 
we can ignore base points and accept the possibility that %;p) 4 2p. 





+ See Lemma 5 in § 7 of [5]. 
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Therefore the preceding paragraph shows that we lose no generality in 
assuming, as we shall do, that 
Y=Xu Ss, Xn S* = 2,€ EH 
and that f is the injection 7,,(S8") > z,,(Y). 

Because of Theorem 1 (a) we have only to prove that a given element 
beé7z,,(Y) is of the form a+a’, where a € iz,,(X) and a’ € fz,,(S"). Let 
8 be a point in S™” and let R™ = S™—s, have a Euclidean metric 
geometry, with s, as the point at infinity. Let 

Bo: (S™, 89) —- (Y,2,) - 
be a map which represents b € z,,(Y). Since X N EH} = 2, it is obvious 
that =. (XU B®, B®) = 2,(X)=0 (¢=1,...,m—n+]). 
Therefore it follows from an argument which is similar to the first part 
of the proof of Lemma 1 that 0) ~ @,, rel , where 

OF Yo C C,; 0,0 Cc S$” (Yo € En—E), 
C being a compact sub-set of R”, which is convex from a point 7, € C. 
Let F and F* mean the same as in the proof of Lemma 1. The projec- 
tion of F* from ry on a (metric) (m—1)-sphere, with ry as centre, is 
(1-1) and continuous. It is therefore a homeomorphism, since F* is 


compact. Since F is the join of r, and F*, it is therefore an m-element 
E™ and F* = E™. Since E” is convex from 7, it is a hemisphere of S™: 


that is to say Em — §m_(Em_ fim) 
is also an m-element. 
Let the distance between C and any point of E™ be so small that 
6,E™c Uv 8, 
where U means the same as in the sentence containing (5.1). Since 
6, Hm c Y—y, and since EH?" is compact, there is an n-simplex 


o” c E™—6, Em 
of which y, is an inner point. Let V = S"—o”. Then 
6,E™cXuV, 6,£™cUuUS", 0,E™c UU. (5.2) 


Let v,:(S",x,) > (S",x,) be a homotopy such that vy = 1, v1, V = a. 
We define w,:Y > Y by 


W, 2 = U%y,2, ws=us (xe X, se 8"), 


where wu, means the same as in (5.1). Then wy = 1 and 
w,XcX, w(UUV)=a, w, &* = §*, (5.3) 
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Let 6; = w,0,:S"—+ Y. Then it follows from (5.2) and (5.3) that 


OE™cX, OF™=2,, OE™c 8. 


Therefore b = a+-a’, where a € iz,,(X) and a’ € fz,,(S”) are represented 
by 6, | 2” and 6,| #™. This completes the proof. 


6. The delicate suspension theorems 
We consider the conditions under which 


(a) gzi(0) = 0 if 7(X)=0 for s = l,...,n—1, 
(b) gon-y is onto if 7,(X)=0 for s = 1.,...,n, 


where g, means the same as in Theorem 1. In either case z,,_,(X) = 0, 
whence ¢ | E” is contractiblein X. Alsoz,(X) = Ofors = 1,...,.m—n-+1, 
where m = 2n—2 in (a) and m = 2n—1in (b). Therefore the conditions 
of Theorem 3 (0) are satisfied. 

Let us start again from a different approach. We shall not impose 
any explicit restrictions on 7,(X) but we assume that ¢ | E” is contract- 
ible in X. Let ¢, %, and p: H" > E? mean the same as in § 5 and let 
r:Y + X be the retraction which is defined by r| X = 1, rd = yp. As 
proved in [8], r determines an isomorphism (into), 


j i%y(Y,X) > 7,,(Y), 
such that jj’ = 1, where j is the injection 7,,(Y) > z,,(Y,X). Moreover 
7,(Y) is the direct sum 
(¥) = ity(X) +5’ _(¥, X). (6.1) 


We recall that j’ may be defined as follows. Let z,,(Y) and 7z,,(Y, X) 
be defined in terms of maps of the form S"—+ Y and E™ + Y, where 
E™ is a ‘Northern’ hemisphere on S”. Let HE” be the ‘Southern’ 
hemisphere and let p’:H™-— Hi be a homeomorphism such that 
p’|E™ = 1. Let 

¢':(E™, E™) > (Y,X) 
be a map which represents a given element a €7,,(Y,X). Then j’a is 
represented by ys’: S" + Y, where yi’ | H™ = ¢’ and wp’ = rd’. Hence, 
and since 7j’ = 1, it follows that 


J9 =f€E0, g=jf€e (g=g9,), (6.2) 
where g,, and f mean the same as in Theorems | and 3, @ is the boundary 
isomorphism 

8: t,(E", S*-1) = a,,_,(S"-1) (S"-1 = Bx) 
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and €:7,,_,(S"-1) > z,,(S") is the suspension homomorphism. Since 
j-1(0) = tn,,(X), it follows from Theorem 3 (a) that 

IF m(S") _ T(Y, xX) 
is an isomorphism into. 
Now let} z,,(Y) = iz 
from this and (6.1) that 
IS m(S") — JT ni(Y) — T(Y,X). 
Therefore jf:7,,(S”") = 7,,(Y,X) and the study of g is referred back to 
that of € by means of (6.2). 


(X)+-fz,,(S"). Since ji = 0, 77’ = 1 it follows 


m 


7. Note on polyhedra 

I recall some elementary properties of polyhedra which were taken 
for granted in the proof of Lemma 1. A (finite) polyhedron P c R” is 
a set of points which can be triangulated to form a finite, rectilinear, 
simplicial complex. 

(A) if F..... >. C R™ are polyhedra, so are 

(i) Rn..nP, and (ii) RU... UB, 

This follows from Theorem 5 in [6] and induction on k. 

(B) A rectilinear simplex s c R™ is a polyhedron, even if it is degenerate. 

If s is non-degenerate, this is trivial. Let s = fo”, where o” is a non- 
degenerate n-simplex and f is a degenerate, barycentric map. Let 
peo"—oe". Then it follows from the theory of linear equations that 
there is another point p’ € o” such that fp’ = fp. There is a point g € o” 
which is collinear with p, p’ and fq = fp by the linearity of /. Therefore 
$s = fe” and (B) follows from (A) (ii) and induction on n. 

Let P, Qc R™ be polyhedra and let PQ be the set of points covered 
by the rectilinear segments pq, for every p € P, gE Q. 


(C) PQ is a polyhedron. 

Let K, L be rectilinear triangulations of P, Q. Then PQ is the 
union of the simplexes o7, for every pair of simplexes o € K, 7 € L, and 
(C) follows from (B) and (A) (ii). 

Let P, Qc R™ be polyhedra such that P—Q consists of disjoint 
sub-sets U, V which are relatively open in P. 


+ Presumably some restriction on 7,(X), possibly 


a(X)=0 for s=1.,...,.m—n+l, 


is implied by this condition. 
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(D) UU Q ts a polyhedron. 

It follows from [6] that Q is covered by a sub-complex of some 
rectilinear triangulation K of PU Q. Let e be a cell (i.e. the interior 
of a simplex) of K. Then ec Q if e meets Q, in which case it does not 
meet U. Therefore, if e meets U, it does not meet Q and, being con- 
nected, it does not meet V. Therefore U U Q is the union of the cells 
of K which meet it. Being compact, it is therefore covered by a sub- 
complex of K. 
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ON THE HOMOLOGY INVARIANTS OF KNOTS 
By H. SEIFERT (Heidelberg) 
[Received 10 January 1949] 


1. Let & be an oriented knot in 3-dimensional euclidean space R? 
and V a closed tubular neighbourhood of k. The boundary of V is 
a torus 7’, and W = R8—V-+T is the closed complement of V. 
An oriented Jordan curve (i.e. a homeomorph of a circle) on 7’ which 
bounds on V (on R8—V+7') but not on T is called a meridian 


eeePe 





Fie. 1. 


(longitudinal circuit). If m, and m, are any two meridians, one has 
m, ~ +m, on 7’; likewise gq, ~ +g, on T for any pair q,, g, of longi- 
tudinal circuits. 

By a topological mapping ¢ one can carry V into a tubular neigh- 
bourhood V* of an unknotted curve k* in such a way that the 
longitudinal circuit of V is carried into a longitudinal circuit q* of V*. 
The 3-space in which V* lies will be designated by R°*. Fig. 1 and 
Fig. 2 show the situation in the case when k is a trefoil knot. 

Let / be an arbitrary knot in the interior of V. Then I, as a 1-cycle 
in V, is homologous in V to some multiple of k, say 


lL~nk onV. (1) 


Quart. J. Math. Oxford (2), 1 (1950), 23-32 
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By a suitable orientation of | we can arrange that n >0. Fig. 3 
shows an example in which k£ is a trefoil knot and n = 0. 

The knot / is carried by the topological mapping ¢ into a knot /* 
in the interior of V*. The purpose of this paper is to prove the two 
following theorems: 


Fie. 2. 


ee 


Fia. 3. 


THEOREM I. For n = 0 the homology invariants of | and I* are the 
same. 

In other words: if M, and Mj are the g-sheeted cyclic covering 
manifoldst of R* with the branch lines / and /* respectively, the 
homology groups and linking invariants of M, and Mj are equal for 


+ Seifert-Threlfall, Lehrbuch der Topologie (Leipzig 1934) §§ 58 and 77. 
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g = 2, 3,..., and the homology groups of M,, and M®%, considered as 
groups with operators,} are isomorphic. 


THEOREM II. Between the L-polynomials A,(x), Aj(x), A;.(x) of the 
knots 1, l*, and k the following equation holds 


Aj(x) = Ape(a)A;(2"). (2) 
In the case nm = 0 formula (2) reduces to 
Ay(a) = Ay(e. (3) 
For we then have 
A,.(x") = A,(x°) = A,(1). 


But it is known that A,(1) = 1 for any knot k. Besides (3) is a 
consequence of Theorem I. 

In the special case when the knot / lies on the boundary 7' of V, 
formula (2) expresses a theorem due to Burau.{ A theorem due to 
Alexander§ to the effect that the L-polynomial of a composite knot 
is the product of the L-polynomials of the factors is another special 
case of Theorem II (here n = 1). 

Theorem I illustrates the limits of the homology invariants of a 
knot in so far as the properties of knot k do not appear in the 
homology invariants of /. A special case of this fact is the theorem 
of Whitehead’s|| on the L-polynomial of a ‘doubled knot’. 


i 


2. Proof of Theorem I. 


The g-sheeted cyclic covering manifold M, is the union of the 
complexes V, and W, corresponding to the decomposition of R® into 
V and W. JV, is the g-sheeted cyclic covering manifold of V with 
branch line /. W, decomposes into g homeomorphs W’, W’”.,..., wo 
of W, since every closed curve of W is homologous to zero in R°—1, 
n being equal to zero. The intersection of V, and W is a torus T, 
(y = 1, 2,..., g). Let q, be the covering of the longitudinal circuit ¢ 


lying on T,, and let aj, dg,..., a, be a set of generators of the homology 


t W. Burau, ‘Kennzeichnung der Schlauchknoten’, Abh. math. Semin. 
Hamburg. Univ. 9 (1932), 125. 
§ J. W. Alexander, ‘Topological invariants of knots and links’, Trans. 
American Math. Soc. 30 (1928), 275-306. 
J. H. C. Whitehead, J. of London Math. Soc. 12 (1937), 63. 
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group of dimension 1 of V,. Then the homology group of V, is defined 
by a set of m relations 


t 
2 Pur te ~0O onV, (u=1, 2,..., m). (4) 
t 
Let Iy~ > %4, onV, (y= 1, 2,..., 9). (5) 


Then the homology group of M, is defined by the relations (4) and 
t 
>9,,4,~9 onM, (y = 1, 2...., 9). (6) 
T=1 


On the other hand let us consider the g-sheeted cyclic covering 
manifold M¥ = V}+ W# of R’* with branch line /*. Corresponding 
to the mapping ¢ of V on V* (cf. § 1) there exists a homeomorphic 
mapping ¢, of V, on Vj which carries the torus T, into the torus T'}, 
the longitudinal circuit ¢, into the longitudinal circuit g} and the set 
of generators @,, @,..., a, of V, into the set of generators af, af,..., af* 
of VF}. Then we have the relations 


t 
Dd Purtz ~9 on VE (u=1, 2,..., m) (4*) 
=i 
t 
and Gy ~2% 47 onVE (y=1, 2...., 9), (5*) 
T=! 


since ¢, is a homeomorphic mapping. It follows that the homology 
groups of M, and M7 are isomorphic. 

In order to determine the linking invariants of M,, we consider 
_ (besides a, ay,..., a,) t 1-dimensional chains a}, ay,..., a, on V, such that 
a’, ~ a, on V, and a, and a} do not intersect for 7, A = 1, 2...., t. 
Because of formulae (4) and (5), there are 2-chains A,, Ag,..., A,, 
and B,, B,,..., B, on V, such that 


t 
boundary A, = 2 Pur te (gs = 1, &...., 98) 
t 


and boundary B, = pI Oy,4,—G, (y = 1, 2,..., 9). 
TtT=1 


Then the linking invariants of M, are determined by the ¢(t-+-g) 
intersection numberst 
S(A,,a,),  S(B,, a) 
(7,0 = I, 2,...,¢; y = 1, 2,..., g). 
If we define a*, A¥, BY as the images of a,, A,, B, under the mapping 
¢,, it follows that 
S(A,,a,) = S(AP,a,*), — S(B,,a,) = S(BY,a,*), 


+ H. Seifert, ‘Die Verschlingungsinvarianten der zyklischen Knoteniiber- 
lagerungen’, Abh. math. Semin. Hamburg. Univ. 11 (1935), 84-101. 
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provided that the orientation of V, is carried into the orientation of 
V> under the mapping ¢,. Therefore the linking invariants of M, 
and M* are the same. 

The assertion that the 1-dimensional homology groups of M,, and 
M* are operator isomorphic follows from the fact that they are 
obtained from the operator isomorphic groups of V, and VS by 
adding the relations g, ~ 0 and g} ~ 0 (—a < y < +0). 


3. For the proof of formula (2) we make use of the following facts 
(cf. Seifert):+ For any knot there can always be found an orientable 
surface F without singularities whose boundary is c. By cutting R® 
along F we obtain a bounded 3-dimensional manifold M whose 
boundary consists of the two exposed faces of the cut, i.e. of F and 
a homeomorphic copy xF of F. Let h be the genus of F, let 
A, My,..., 4g, be a (1-dimensional) homology basis of F and let 
LM, 2Mg,..., Ay, be the corresponding basis of 2F. Then there are 
homologies of the form 


2h - 
j=1 
All homologies between @,,..., @,, %@},..., 2g, that exist in M are 


consequences of (7). 

The matrix T = (y,;), from which all homology invariants of c 
can be derived, may be called a homology matrix of c. The matrix IT 
is uniquely determined up to the choice of the spanning surface F 
and its homology basis @,, dg,..., @,. The L-polynomial A,(z) of c is 
the coefficient determinant of the system (7) 

A(x) = |E—P+al, (8) 


where E is the unit matrix of order 2h. 


4. We may assume n > 0, since for n = 0 Theorem II is a conse- 
quence of Theorem I. We begin by constructing an oriented non- 
singular surface + bounded by /*. To this end we choose on the 
boundary 7'* of V* a set of m non-intersecting longitudinal circuits 
q%, 9k,..., ¢& and orient them so that they all become homologous to 


k* in V*. Since we have the homology /* ~ > q* in V*, it follows 
v=1 


that there exists in V* an oriented non-singular surface F?, with 


n 
boundary /* — > qg*. From F}, we obtain the desired surface F, by 


v=] 


+ H. Seifert, ‘Uber das Geschlecht von Knoten’, Math. Annalen, 110 (1934), 
571-92. 
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adjoining ” non-intersecting 2-cells F,;, Fj;,.... Fj, which lie in 
W* = R3*—V*+7* and have the boundaries qj, q3,..., 9% respec- 
tively. 


Next we construct a surface F, bounded by J. The homeomorphic 
mapping ¢-! of V* upon V carries the surface F}, into a surface F) 
whose boundary consists of / and m longitudinal circuits q,, q9,---, Jn 
of V, images of q*, g¥,..., g* respectively. Since g, ~ 0 in W, there 
exists an oriented non-singular surface F,, in W with boundary 4q,. 
By an isotopic deformation F,, can be carried into a ‘parallel’ surface 


%, 


¥. 
9; qe qs 


¥ <+¢_r-§ q V 





~« 


F,, in W with boundary q, such that F,, and F,, do not intersect. 
By a second deformation F),, can be carried into a surface F,, in W 
with boundary q, such that F,, intersects neither F,, nor F,,, and so 
on. F?), F,,, F,,,-.., &, form together an orientable non-singular 
surface F, bounded by /. Fig. 4 shows the situation in a schematic 
cross-section; £? is omitted and n = 3. 
The genus of F, is obviously 
h»+nh,,, 


where h,+, h;, denote the genera of Fj* and F/, respectively. 


5. I shall now construct a homology basis of dimension 1 on F,. 
Let af, af),..., ap, 
be a homology basis on F,, and 
al”, af,...,. a, (v= 1, 2,..., 2) (9) 
the basis on F,, which corresponds to it with respect to the above- 


mentioned deformation of F,, into F,,. On F* we select a homology 


qv* 
basis 


b*, b¥,..., b¥,». (10) 


l 





























———— 
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One can assume that these chains all lie on F?,, since the 2-cells 
oe, Ha Fj, can obviously be avoided. By the homeomorphic 


on 
mapping ¢-! of V* on V the chains (10) are carried into the chains 


by. bg,..., Dans (11) 
on F?. The chains (9) and (11) constitute the desired homology basis 
of F,. 

6. In order to obtain the L-polynomial of the knot / we cut R® 
along the surface F, according to the general rule of § 3. I shall use 
the following notation. By the cutting process the complexes R°, V, 
W, T go into R3, V7, W, T. The two exposed faces of the cut are 
designated by F, and xR. F, consists of the n+1 surfaces F,,, F,,,,..-, 
F,,, F?, and similarly 2F, is the union of the surfaces xF,,, xf,,,..., 
«F,,, xF). The homology basis a{,..., af), af?,..., AQP, b,, bg,..-, Dox, 


of Fr, corresponds to the homology basis za),..., ray), xal?),..., rafp, 
xb,, xbo,..., Xb, of xf. The notation used in R** differs only in the 


addition of a superscript star. 
7. In R®* we have relations of the form (cf. § 3) 
-< yy(bt¥ —ab¥) ~ 0 in R3* (i = 1, 2,..., Wye). (12) 
The homology matrix of the knot /* is 


Te = (yf). (13) 


The left side of (12), being a chain in V* and homologous to zero in 
R3* — V*+W*, must be homologous to a chain on V* y W* = 7*. 
Thus it is homologous to a linear combination of the chains 


qi,  — m 
n = 
-> yf(bf —ab¥) ~ Y a;qf on V*. (14) 
j=1 


By the homeomorphic mapping ¢~! of V* on V the homology 
(14) corresponds to the following homology on V: 


2his n 
b, — Yb; —2b;) ~ ¥ aq; on V. (15) 
j=1 = 
If we consider this homology in Rk? = V+ VW, it simplifies to 


b; — >, —ab;))~O0 in R® (i = 1, 2,..., Wye), (16) 


since g; ~ 0 in W. 








30 H. SEIFERT 


We still need the homologies belonging to the a{”). They have the 
following general form (cf. § 3): 


j=i -= 

The left side of (17) is a chain in W, the right side a chain in J. 
Therefore there is a certain chain on V 9 W = T to which either side 
is homologous (in V or W respectively). The most general such chain 
is a linear combination of q,, qo,---; Yn, but these are ~ 0 in W. So 
it follows that 


2hke n 2hie » = 2 
a” — > > va (a —xay) oe tg Oy) in R3, = (17) 


2hk n — 
a — YS ve (ap—eay) ~0 in W 
j=1 p=1 
(i = 1, 2,..., 2h; v = 1, 2,...,). (18) 
In order to determine the matrices 
Dvr = (yf) 


we identify in W the surfaces F,, and xF,,,..., F,, and xF,,. Hereby W 
goes into a complex W,,, which may be described as the complex W 
cut along F,,. The chains a and wa) are thereby identified 


(u = 2, 3,..., n), so that (18) reduces to 
2hk _— 
af) — 27a (aj? — 203) ~O inW, (¢=1, 2,..., 2h). (19) 
j= 


But this is exactly the system of relations (7) formed for the knot q, 
and the surface F,,. So we see from (19) that I" is just the homology 
matrix of q, or, what is the same thing, of k (k and q, are equivalent 
knots, since k can be deformed in V into q,). If we designate the 
homology matrix of k by [j,, we have the result [ = [j,, and in the 
same way one proves 


m=, (v=1,2...., n). (20) 
Now we note that the homologies 
za”) ~avt) inW (i = 1, 2,..., 2hy; v = 1, 2,...,n—1) (21) 


hold, provided that the g, have been enumerated in the right way. 
But we know that (16) and (18) are a complete system of homologies 
*- in R® between the chains 6,, a{”, xb;, xa”. So (21) must be a conse- 
quence of (16) and (18) and therefore, because of the special form 
(16) and (18), of (18) alone. 

If we write the variables a{” and xa{” in the order 


a, a,..., a; za, xal),..., va, 








——— 





— 
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the coefficient matrices of (18) and (21) are 


E-—f, —T® ‘ —r | ff,  Niaee ; = 
—T# E—f, ‘ —lf | 2 lf. ‘ — 
(22) 
| 
. . . . . ‘ . . 
—_[l _jyne : E-Ti, | pz [rn ; r 
and 
0 -E 0 . 0 | E 0 
0 0 —E 0 0 
(23) 
0 0 0 . —E! 0 0 ; E 0. 
In both matrices we add the right half to the left and obtain 
E 0 i 0 Cr . 
0 E ; eoim™ & 
(22) 
0 0 ‘ Ein re. [.. 
and 
E -—-E 0 ; 0 0 | E 0 : 
0 E —E 0 |; 0 E ; 0 0 
(23’) 
0 0 0 E _E| 0 0 : E 0. 


The rows of (23’) can be linear combinations of the rows of (22’) only 
if 
i,—E (v > ); 


rn = 
f. (v < p). 


Hence we find for the homology matrix [, of / (see (16) and (18)) 











teed b. rh eR. lo 
: bis, tin, « ota 88h . & 
’ rm, Tam | 0 Fr a _ * 
{| Oo . oO | Te R.—-ER—-E. ff] 0 
0 0 . O| Tr | 
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and for the L-polynomial A,(x) of / 
A(e) = |E—T+20 
E—[,+<2f,, ‘ —f,+2f, 
= |E—I+aTs\.| ; . (24) 
} E—f,+2(,—E) . E—[,+<2f, 
The first factor is the L-polynomial A,»(x) of 1*; the second factor 
has in the diagonal E—Tj.+2Ij,, above the diagonal —Ij,+-2fj,, and 
below the diagonal E—T,+-2(fj,—E). This determinant can be com- 
puted as follows. Subtract successively the (n—1)th row from the 
nth, the (n—2)th from the (n—1)th,..., the first row from the second. 
There results 


| E—[,+2f, —f}f.t+<2f, ° —f.,t+<2f, —f,+2f, 
| —xE E . 0 0 
0 —xE ; 0 0 
0 0 ‘ —zE E | 


Next add x times the nth column to the (n—1)th, x times the (n—1)th 
column to the (n—2)th, ete. This gives 


| E—[f,+a"h, —f,.+a".1f, . —F,+al, | 
0 E : 0 
0 0 : E 


= |E—f,+2"f,| = A,(x"). 
Thus (24) becomes 


A(x) = Aj+(x)A;(x"). 
This completes the proof. 
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A POINT REPRESENTATION OF A SYSTEM 
OF RATIONAL NORMAL CURVES OF ORDER 
n THROUGH n+1 FIXED POINTS 


By DOROTHY S. MEYLER (Aberystwyth) 
[Received 22 January 1949] 


1. CONGRUENCES of twisted cubic curves which have a given line as 
chord have been studied, by using a point representation, by J. de 
Vries* and G. Schaake.+ The system of space cubic curves which pass 
through four fixed points and whose chords belong to a tetrahedral 
complex has been investigated by V. C. Morton and M. T. Chapple.t 

The generalized problem in [n] is susceptible of a similar point 
representation, and again the simplest method of treating rational 
normal n-ics through n+1 fixed points and having a given (n—1)- 
secant secundum or a given chord seems to be by considering the 
system of rational normal n-ics which pass through n-+-1 fixed points 
Ay, A,,..., A,, and whose chords meet the primes dp, @,,..., @,,, where 
ay = |A,, Ag,..., A,,], ete., in ranges of constant cross-ratio. I obtain 
a point representation of this system. The n-ics through Ap, A,,..., A, 
which have a given (n—1)-secant secundum are represented by the 
points of a prime and those which have a given line as chord by the 
points of a plane. 


2. Represent the n-ic p with equations 





' au; X; 

X,=—t (G@=0,1....,n 

re ) 
by the point ¢(2;) of the space [n], S. The curve passes through the 
vertices Ay, A,,..., A, of the simplex of reference and through the 


point ¢(x;) and the point (a;2;). 

* “A congruence (1, 0) of twisted cubies’, Proc. Kon. Nederland. Akad. v. 
Wet. 26 (1923), 126-8. 

‘Linear congruences of twisted cubics that cut at least one fixed line twice’, 
ibid. 31 (1928), 629-36. 

‘Eine Abbildung der Kongruenz der kubischen Raumkurven durch vier 
Punkte, welche eine vorgegebene Gerade zweimal treffen’, ibid. 37 (1934), 
129-32. 

+ ‘A representation of the congruence of twisted cubics which pass through 
four given points and which cut a given straight line twice’, ibid. 29 (1926), 
776-86. 

t ‘A point representation of a system of space cubic curves which pass 
through four given points and whose chords belong to a given tetrahedral 
complex’, Quart. J. of Math. (Oxford), 19 (1948), 133-49. 


Quart. J. Math. Oxford (2), 1 (1950), 33-40 
3695.2,1 D 








34 DOROTHY 8S. MEYLER 


The reciprocal relations 


L,= uty (« = 0, 1,...,n) 


t 
Oy 





define a system C of lines r, which are joins of two projectivities of 
points 7'(X;) and 7’(X;) defined by the relations X; = «;X;. The 
Pliicker coordinates p,, of 7 satisfy the equations 


(41 — 2) Pos = (01—%3)Pos _ — (4 —%n)Pon 
(%—%)Pr2 (%—%g) Pg (%—%)Pin 





A (1,1) correspondence is thus set up between the lines 7 of C and 
the points 7’ of S. The n+1 self-corresponding points Ag, A,,..., A, 
in the projectivities are singular points, and the lines A,A, are 
singular lines. There are no other singular elements. I take the 
points 7'(X,) of S as image points of the lines 7. The coordinates p,, 
of the chord joining the points 


a; X; Oy H, 
P(t) - a5) 
of an n-ic p are given by 
Die = [0¥4 Op Xj Xp (Hy—axg) ]/[ (xg +8)(ap +h) (cx, +9) (+4) ].- 


Hence the chords of the n-ics p belong to the system C of lines 7. 
The chord PQ meets the fundamental primes X; = 0, X; = 0, 
X;, = 0, X,;= 0 in four points whose cross-ratio is (a;, «;, xj, 0%), 
which is independent of 0, ¢, and (x,), and is therefore constant for 
all chords of all n-ics p. 

Since the cross-ratio of the primes joining any (n—1)-secant 
secundum of a rational normal n-ic to four fixed points of the curve 
is a constant equal to the cross-ratio of the parameters of the points, 
the cross-ratios of the primes joining any (n—1)-secant secundum 
of any n-ic p to the points A», A,,..., A, are constant and equal to 
those of the points in which chords of the curves p meet the primes 
X, = 0, X, = 0,..., X, = 0. Hence the cross-ratio of the primes 
joining any (n—1)-secant secundum to A,, A;, Ax, A, is («;, «;, xg, ~%) ; 
so the dual Pliicker coordinates gj, of the (n—1)-secant secunda 
satisfy the equations 








(%—%2)9o2 = (44 —a3)9os a (049 —2n)4on_ 
(%)—2)912  (%—%s) 9s (%)—n)41n 





These equations are satisfied by the Pliicker coordinates of the 





























ON A SYSTEM OF RATIONAL NORMAL CURVES 35 


secundum of intersection of the primes > €,X; = 0, > &, X;/a; = 0. 
I call this system of secunda C’. 

Then ¢(%;) and p, and also 7'(X,) and 7, are in (1, 1) correspondence 
so that to a point ¢(z;) corresponds a unique n-ic p, while to the 
points 7'(X,) of this curve p correspond oo! lines of C which are 
concurrent in the image point ¢(z;,). 

An n-ic which degenerates into an (n—r)-ic through n—r+1 
vertices Ay, Aj,..., A,,_, of the fundamental simplex and , lines 
through the remaining vertices, each line meeting the (n—r)-ic, is 
represented by a point of the [n—r] = [Ap, Aj,...,A,_,]. 


3. The n-ics which have s-point contact with a given prime 

The lines 7 which correspond to the points 7'(X;) of a given prime p 
of S are the line-axes* of a developable 7” of primes, of class n, to 
which the fundamental primes belong. There is a (1,1) correspon- 
dence between the primes of S and the developables of class n to 
which the fundamental primes belong and whose line-axes belong 
to C. These developables must in fact be developables 7”. If ['” be 
the edge of regression of 7”, the osculating developable A, of IT, 
which is the locus of its osculating [s—1], is of order s(n—s+1).f 

The lines + which correspond to the points of a secundum B of C’ 
lie in the prime # joining B to its corresponding secundum in the 
projectivity X; = «;Xj. The secunda of C’ which lie in a prime p 
form a developable D”-! of class n—1, whose edge of regression I call 
[-1. Through a point 7' of p pass n—1 S,_, of D"-! whose corre- 
sponding primes # are the n—1 primes, of the developable 7” 
corresponding to p, which pass through the line 7 corresponding 
to 7. If T lies on the osculating developable A§"-® of [”-1, n—s 
consecutive primes of 7” will pass through 7, which therefore lies on 
the osculating developable AG*+%"— of T”. 

An n-ic p meets the prime p at points which form the vertices 
of a simplex circumscribed about [”-1. The corresponding lines are 
the n line-axes of the developable 7” which pass through the image 
point ¢(2;) of p. To n-ics having s-point contact with p correspond 
points of the osculating developable A("—4)" of IT. The points of 
contact of these n-ics with p lie on the osculating developable 
Ale s4Pe-) of ["-1. Their remaining points of intersection with p lie 
on the osculating developable A\-°* of T"-1. 


* i.e. lines of intersection of m—1 primes of the developable. 
+ See Bertini, Geometria proiettiva degli iperspazi, 452-4. 
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4, The n-ics which meet a given [r] 

The lines t of C which correspond to the points 7'(X;) of a given 
general space [7], say m,, of S, where 0 < r < n—2, generate a V7}, 
say Mit}. The variety M7t} meets each of the fundamental primes 
a,,in a V{, of type Mf, and a director [r], which meets every generator 
7 of Mft}. A (1,1) correspondence exists between the general [7] of 


S and these Mit}, such that to the points 7(X;) of the [r] corre- 


spond lines 7 on Mt}. 


If an n-ic p meets a general [r], m,, of S, then the M7+} corre- 
sponding to m, contains a line 7 through the image point ¢(x;) of 
p. Hence the representative variety of n-ics p which meet m, is 
Mt}. 

Let the system of [7] each of which contains two [r—1]’s which 
correspond in the projectivity be denoted by C,. Thus C, and C,,_, are 
the systems C and C’ respectively. The lines 7 which correspond to 
the points 7' of a given [r] of C, join corresponding points of two 
projective sets of points in two [r]’s which lie in an [r+1], say l,.,,, 
of C,,,. Hence the lines 7 are the line-axes of a developable D+! of 
[7]’s in l,,,, to which the [7]’s of intersection of l,,, with the funda- 
mental primes belong. The developable D’*! is of class r+1. There 
is a (1, 1) correspondence between the [7] of C, and those developables 
Dr+* of [r]’s in the J,,, of C,,, whose line-axes belong to C and to 
which the [r]’s of intersection of 1,,, with the fundamental primes 
belong. The points 7' of an [7] are the image points of the line-axes + 
of the corresponding D’*?, 

If an n-ic p meet a space /, of C,, it is (r+1)-secant to l,. The 
representative variety of n-ics p which meet an [r], l,, of C, is 
the l,,, = [l,,1;] of C,,,, where /, is the [r] corresponding to 1, in the 
projectivity. If p has s-point contact with l,, its image point ¢(z,) lies 
on the osculating developable A‘"—3;* of the complex curve ["+! 
in /,,,.* The configuration of the points in which curves p meet /, is 
formed from that in which the system of n-ics meets a prime p by 
the substitution of r for n—1. 


5. The n-ics obeying certain r-fold conditions 
(i) The n-ics whose representative points lie in an [r] 

Consider the locus of points 7' corresponding to lines t which meet 
a given [7], say u,. Considering wu, as consisting of points 7’, the 


* i.e. the edge of regression of the developable formed by the 01 J, of C, 
which lie in l,,;. 
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locus of points T isa V"r{, say UPT{. It passes through Ap, Aj,..., A, 
and has a system, of freedom n—r—1, of secant secunda belonging 
to C’, which meet it in varieties U?-"-1. Conversely, given a U? TY, 
that is, a V">y which passes through Ag, A,,..., 4,, and has a system 
of secant secunda belonging to C’, the lines 7 corresponding to the 
points 7' of UP Ty meet an [r], say u,. For, given n—r secant secunda 
of U2-7 whish idee to C’, each is co-primal with its corresponding 
iniaiinin| in the projectivity. The n—r such primes intersect in an 
[r], u,. There is one and only one U?7f which passes through Ay, 
Baiccvs A,, and has n—r given secunda of C’ as secant secunda. 
Hence U? Tf and wu, are in (1,1) correspondence such that to the 
points 7’ of U?>{ correspond the lines + which meet u,. Thus n-ics p 
whose senile points ¢(x,) lie in an [r], u,, generate a V"TY of 
type Ury. If u, belongs to C,, it represents ‘ie n-ics whisk are 
r-secant to the [r—1] of intersection of u, with its corresponding [7] 
in the projectivity X; = a;X;. The U";{ is then a cone, whose 
vertex is this [r—1]. 

The order of the representative variety V,_, of n-ics p which rin 4 
an r-fold condition is the number of these n-ics which lie on a U?'T}. 
It is also the number of such n-ics which are r-secant to a given 
[r—1] of C,_,. 


The n-ics represented by a V% generate a VZ"r®, 


(ii) The n-ics meeting a given Wi? 

The representative variety of those n-ics p which meet a general 
variety W% of S is ruled and of dimension d+-1. Its order is equal 
to the number of such curves which lie on a U%+} and is therefore 
m(d+-1) in general. If W? has multiple points of multiplicity 
Bs Bains b. at Aa, A,,..:; A,, respectively, the order of the repre- 


sentative variety V,,, is 


m(d+1)— > k;. 


i=0 


This V,,, has multiple points of multiplicity k; at A; (¢ = 0, 1,..., m). 

In particular the representative surface of n-ics p which meet a 
given curve y” of order m and genus p is a ruled surface of order 2m 
and genus p. For example, since, in [4], a ruled surface of order 2m 
and genus p has (m—1)(2m—3)—3p double points, through each of 
which pass two generators, there are (m—1)(2m—3)—3p quartics p 
in [4] which meet twice a general curve of order n and genus p. 
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(iii) The n-ics having a tangent passing through a given point 

By considering the number of n-ics p which have a tangent through 
a given point and lie on a quadric primal generated by the n-ics 
which are (n—1)-secant to two fixed secunda of C’, we easily find 
that the representative surface is of order 2(n—1). 


(iv) The n-ics which have an osculating prime through a given [k] 
By considering the conditions that the n-ic p given by 


OX; U; 





xX,= (i = 0,1,..., 2), 


Oy 


represented by the point ¢(2;), shall meet a prime of the system 
n n n 
dy DP Xitde D WPX +. tra D WP XN, = 0 
i= i= i= 


in n coincident points, we find that the point ¢(z;) describes a variety 
of dimension n—k and order n(k+1)"-*-1, 


(v) The n-ics touching a primal F of order m 
By subjecting the system to the transformation 


X, = 1/X;, (i = 0,1....,n), 


we find that, if / has multiple points of multiplicity k; at A; 
(i = 0, 1,..., n), the representative primal of n-ics p which touch F is 


of order r 
(n—1)m(m+1) -(3 i k, (1+ hi): 


(vi) The n-ics which osculate a primal F of order m 

By considering the conditions that the n-ic p through P(yp, y,,.--, ¥») 
having the line / joining P to (1, 1,...,1) as chord shall have three- 
point contact with the primal F = (b; X;)" = 0, we find, after some 
reduction, that the osculating n-ics p of F are represented by a V,_, 
of order m3(n—2)+3m?(n—1)—m(n+1). 


6. A relation between the orders of varieties generated by 
n-ics p and by n-ics through n-+-2 fixed points and satisfying 
further conditions 
Let a be the order of the primal generated by n-ics through 

Ap, A,,..., A, Which have a given (n—1)-secant secundum and obey 

one condition 6. Let 6 be that of the primal generated by n-ics 





| 
| 
| 


TN 
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through Ay, Aj,..., A,, and a further fixed point A,.,, and also 


obeying 8. Let c be the order of the surface generated by 7-ics p 
having a given line as chord and satisfying 5. Let d be the order of 
the representative primal of n-ics p obeying 5. By considering the 
n-ics through A», A,,..., A,, Ans, Which meet again a line of C 


through A,,,,, we find that 


a 2% #¢ = 
$ ot si ~~ 


n? 





7. The system K of n-ics which are (n—1)-secant to a given 

secundum gq of C’ 

These n-ics are represented by the points of a prime L = [q,q’], 
where q’ is the secundum corresponding to q in the projectivity 
X,; = «a; Xj. 

I consider the configuration of points in which the n-ics of K meet 
an arbitrary prime p. One n-ic of K passes through a general point 
P, of p. This n-ic meets p further in n—1 points P,, P,,..., P,, which, 
with P,, are the vertices of a simplex whose [n—2]’s belong to C’. 
Thus these secunda have (n—1)-point contact with the complex 
curve ['-1 in p at Q;, Q»,..-, Y@,, say. The groups Q,, Qo,..., Q,, form, 
on I-!, a series y?-! which is of index one and whose groups are in 
(1, 1) correspondence with the points of the prime LZ. Hence this y7-1 
is a gh}. 

Represent [*-! in p by 9, = 6*-', y, = 0*-*...., y,-, = 1. The 
gj," is given by , 

key 9,.-.0, +k, ¥ 0,...0,.+.. +h, 1 ¥ O,+k, = 0, (1) 


where the k’s are constants. P, is the point 


(1, >” Og, >” 0,0,,...,050,...8,.), 
where >” indicates that the sum is from 2 to n. By (1), FP, lies in 
the prime 
keg 9s Yn—a thy (A, Yn-2t+ Yn) + +h (A+FY)+hn Yo = 9. (2) 
If the n-ic of K touches p at P,, then P, lies in the [n—3] of inter- 


section of two consecutive osculating [n—2]’s of [!-1 which touch 
I”-1 at 6, = 6,, say. Hence P, lies in the [n—2] 


OF -1y)— Of -*y, +... + (—1)"®—"Ya-4 i 0. (3) 


Hence the n-ics of K which touch p do so at points of a V"_,, the 
leeus of the 001 [n—3]’s of intersection of (2) and (3). The tangent 


to p at P, is the line of intersection of the [n—2]’s having (n—1)-point 
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contact with [”-! at Qs,..., @,. The remaining points of intersection 
with p of an n-ic touching p at P, lie on the osculating [n—3] of 
T-! at 6,, so that the branch locus of n-ics of K which touch p is 
the osculating developable A2">» of [-1. All the n-ics p through a 
point P in the [n—3], 8, of intersection of g and p belong to K. They 
lie on the complex cone V3-! with vertex P, which is cut by p in 
n—1 lines, each of which touches an n-ic of K at P. Hence P, and 
therefore 8, is (1—1)-ple on the contact locus V"_, of p. 

The n-ics p which touch p are represented by a V2" and n-ics 
of K which touch p are represented by a V2>. Hence the latter 
generate a V7», which intersects p in A2>* and touches it along 

n-2 

The n-ics of K which have 3-point contact with p do so at points 
common to V"_, and A%">®, Every such point is a point of 3-point 
contact. A2">» touches V ”_» at every point at which it meets it; so 
the locus of points of 3-point contact is a V™">*) repeated. The n-ics 
of K which have s-point contact with p touch it at points of inter- 
section of V%_, and the osculating developable AS—)@%—s+) of [-1, 
The remaining n—s points of intersection with p lie on the osculating 
developable A%">* of ["-1. Since A(’—2""—s+) jis of multiplicity s—2 
on A>) * and the latter touches V"_, at their common points, 
every point common to A'%—2\"—s+) and V”_, is of multiplicity s—1 
on the V,_, in which they ion: which is therefore of order 

n(n—s+1). Finally an n-ic of K has n-point contact with p at each 
of the 7 points of intersection of V"_, and ["-}, 

The n-ics of K which meet a space /, of C, cut out simplexes of 
r+1 points in /, which are circumscribed to the complex curve I’ 
in J. The configuration of the points at which n-ics of K touch l, is 
obtained from that in which they touch a prime p by substituting r 


for n—1. 


8. By combining results other properties may be found, e.g. n-ics 
through n+ 1 fixed points having a given line / as chord and touching 
a given prime are represented by a plane V}"-) and therefore 


2(n—1)? 
generate a Vi"-1"” 


* See Bertini, loc. cit. 454. 
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THE ASYMPTOTIC EXPANSION OF A 
CERTAIN INTEGRAL 


By E. M. WRIGHT (Aberdeen) and BARBARA G. YATES (London) 
[Received 2 February 1949] 


1. Introduction 
We determine here the asymptotic expansion for large positive y of 
the integral 


b(y) = $(p; o4,..-,07, By) 


= ami | Pexplyu + du-a(+ ¥ Arn) du. (1.1) 


The contour @ starts from —oo on the real axis in the complex 
u-plane, encircles the origin once counter-clockwise, and returns to 
—oo; at the point where @ crosses the positive half of the real axis 
we take argu = 0. Here L is any positive integer, p,9j,...,0,; are 
any positive numbers such that 


0<0,<..<o,<I1+p, o4#p (1<I< D), 


and A, A,,...,A4,,8 are any complex numbers of which A + 0. 

A knowledge of the asymptotic behaviour of %(y) is required in 
two entirely distinct problems. Miss Yates will give elsewhere a full 
account of the first, which occurs in the theory of the linear difference- 
differential equation whose coefficients are linear functions of the 
independent variable. The second problem is that of determining 
the asymptotic behaviour for large n of the coefficient of x” in the 
power series of a function with one or more exponential singularities 
on its circle of convergence. Wright (10) uses the theorems of the 
present paper to generalize the results in this field found by Faber (1), 
Hausler (2), Perron (3, 4), and himself (6, 7). 

Wright (8) discussed the case L = 0 of (1.1). In the general case 
the appearance of the terms >} A,u% in the exponent complicates 
the work somewhat. So far as the selection and use of steepest- 
descent curves and the study of their properties are concerned, we 
are able to use the work of (8) with comparatively minor modifica- 
tions. Matters are different, however, when we determine the saddle 
points of the integral. These appear as the roots of a (possibly) 
transcendental equation and we use a special device, based on 
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Lagrange’s expansion theorem, to express the value of the exponent 
at a saddle point in the form of a convergent series in descending 
powers (not usually integral) of y. For large y, the first few terms 
of the series provide a very close approximation to its value and are ( 
readily calculable. (9) contains another example of this type of | 
application of Lagrange’s expansion. It is explained in § 2 of the 
present paper. 

The integral ¥(y) converges for any complex y satisfying 


jargy| < 4a. 
We may, however, reduce the problem of determining the asymptotic 
expansion of %(y) for such y, or rather when |y| 00 and 


~— 


— —__ 


largy| < 37—K, 

to that for real, positive y by an obvious transformation and deforma- 
tion of contour. Thus our taking y real and positive is no restriction 
of generality. The same is true of our condition that o, + p, since, 
when o; = p, we have only a trivial factor exp(AA)) in ¢(y). 

In what follows K is a positive number, not always the same at 
each occurrence, independent of the variables y, wu, ¢, w, x, but 
possibly depending on some or all of the parameters* 


P> L, 0};..., 07, 8, |A|, |Ay|,-+-5 |A;]. 


The numbers K,, K,,... are numbers of the type K, but K,, for 
example, has the same value at each occurrence. The constant 
implied in the O( ) notation is of the type K. The condition ‘for 
large enough y’, that is, ‘for y greater than a suitable K’, is implied 


in all our statements. 
1 


T= at 
and Y for any value of (y/pA)*. Also a = arg A and a’ = arg(—A), 
where —77<a<7, —1t<a'< 7. We write Y;, Y’, Y” for the 
particular values of Y for which 


We write 


argY; = —ar—2njr, argY’ = —a'r—nr, argY” = —a'r+2n7. 


We use >, J] to denote LoL 
$. Uf 
i=1 1=1 


* It is important to note that K is independent of the arguments of 
A, Aj,.... Az. This enables us to extend the results to complex y, including 
cases where |y| —> oo in the sector |arg y| < 47—K, but not necessarily along 
a straight line. 
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respectively, and > to denote summation over all sets q,,...,a, of 


(s) 
non-negative integers whose sum is 8. We write 


b, = 





o Ap, iy = > 5, Y-, 
p 
and, for s > 2, 


(—1)*-1Apr ds-? 
8! dye 


(—1) 8— eA p _ be s—2 
~ (p+1) Z ¥e (TT ) | |e > a o,+0(p+ 1}. 


We then define 


D, = y** Yds) 





Q(Y) = A(1+p)¥P+-4 5 A, YP ¥ Dy (1.2) 
s=2 
In particular Q(Y) = A(1+p)¥°+ O(Ye-%). (1.3) 
Our results are 
THEOREM Il. d(y) = A(Y’)+A(Y”), 
ys- $eXF) 
wh H(Y) = __———_——~ O(y-* 1.4 
where (¥) Jf2ny( FI +O(y-*)} (1.4) 


and the square root in the denominator is positive. 


THEOREM 2. If |x| < 7—K, then 
wy) = H(Y). 


If we were to allow the K in H(Y) to depend on arg A, the result 
of Theorem 2 would hold for any value of A, except a real negative 
one. 

The factor {1+-O(y-*)} in H(Y) can be replaced by an asymptotic 
expansion in descending powers of Y, but we content ourselves with 
the results stated. We observe that, in our results, we can replace 
Q(Y) by the sum of the non-negative powers of Y in its expansion. 
These are necessarily finite in number and in particular cases can 
often be calculated without excessive labour. If, for example, o, = 1 
for 1 < 5, Q(Y) is equal to 


A¥?((1+p)+ +> A, Y-—p(p+1) 24 Y++0(Y-)}, 
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where 


d, = 3 Bj, ds sia B, B,—}B}(p—1), 


2p— —2 
d = B, By+4B}—}(2p—3) Bt B, + CPV 0—°) po 


d; = B, B,+ B, B,—(p—2)(B, B3+ Bz B;)+ 
(p—1)(p—2)(2p P—1) ps 








+(p—1)(p—2) BiB, — 





10 = 
olp iy 
Again, if Z = 1, we have 
=| s—2 
D, = (i 7 Apri yp-s0; I] (tp—sro,+), 
and the expansion of Q(Y) becomes simple. 
2. The saddle point and the sum Q(Y) 
We write A(u) = yu+Au-P(1+ >} A,u%), (2.1) 


so that N'(u) = y—pAu-P-(1+ > bu). 

We are interested in the saddle points of the integral (1.1), which 
are in fact the zeros of A’(w), and shall obtain expansions in descending 
powers of y for the value of u and that of A(w) at such a saddle point. 
The method is a simple adaptation of a method developed elsewhere 
(9) in another connexion. We require the following well-known 
lemma due to Lagrange; see, for example, (5), 133. 


Lemma 1. Let & be the circumference of the circle |z| = K in the 
2-plane, let p(z) and 3(z) be functions of z regular on and within A and 
let |#(z)| < |z| at all aie on L. Then the equation z = 3(z) has just 
one root z = Z within &Y and 


(0)+ ae laos] 


If we write* w= Y-1(1+2)", the equation A’(u) = 0 becomes 
2= H(z), with 3(z) = > b, Y-%1(1-+-2)7%, 


For large enough Y, the conditions of Lemma 1 are satisfied. 


* We are concerned throughout this paragraph with the branch of (1+-2)’, 
(1+2)7, etc., which has the value 1 at z = 0. 
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We shall write VU = Y-(1+-Z)’, so that uw = U is a zero of A’(u) 
and a saddle point of (1.1). We have 
A(U) = NY-(1+ Z)"} 
= yY-\(1+ Z)"+ AYA(1+Z)-P7{1+ > A, Y-%(1+4 Z)7™} 


— AY?p(Z), 
where 

p(2) = p(1+2)"+(1+2)r{1+ ¥ A, ¥-(1 +2)", 
so that p(0) = 1+p+ > A, Y-™ 
ae p'(z) = pr(1+2)1-*7f2—H(2)}. 


If we write w = w(z) = (1+2)-1-?7, we have for s > 2, by Leibniz’s 


theorem, 


qe-1 e 











qa wom) = 2a wr) + )+ e-)e — (wi), 
1 a ds-1 
z=0 , z=0 
(s—1) ds-2 1 ds-1 
ae P| s! ger) — 5) ae) 
and so oe 
Site) =. 1 [ d°-2 
» a E (p' (z)b if : = mad? af eo] 
Hence, by Lemma 1, 
\(U) = A(1+p)¥P+A > A, YP-7+- 2 Es (2.2) 
where i= Te | a »| . 
s! ld ada 


For the moment, we write X = Y!+?, so that Y = X7 and 
y = ApX. We have 
YPud® = X7(1+2)-1-97 = FC, X*(1+2)-1, 


where v runs through all values of r(p— > a,o,) for which a, is a 
non-negative integer and > a, = s. Hence 





ve 5 (00)| = (—1)? } C, X*(v+1)...(v+-s—2) 


128-2 
z=0 
or v+s— 
= (—1P* (2 OX") 
(12S (xe-2y 098) = (—1)-2 SS (y-2¥ 98), 
‘ dX*-2™ " dys? 
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since #, = #(¢). From this it follows that Z, = D, and therefore that 





AKU) = Q(Y). (2.3) 
We also require the expansion of U in powers of Y, or at least its 
leading terms. If we put p(z) = (1+z)" in Lemma 1, we obtain an 
expansion 
a - (—1)*1/d\*2, | 
| - 1y-1 4 
alte ET (7) wr) es) | 
= Y-1+0(Y-1-%), (2.5) } 


It is worth remarking that 
AU) = yU+AU-A(1+ ¥ A,U%) 
and so | 


Dien ot UE gi SU 
MO) = 04 gy = UTNE =, 


since A’(U) = 0. In fact, the expansion (2.4) is readily seen to be 
obtainable by differentiating the expansion (1.2) term by term with 
respect to y. 

Since A’(U) = 0, we have also 


y = pAU-P-(1+ > b,U%) (2.6) 
and so A(U) = AU-P{(1+p)+ > (1+p—a,)A, U%. (2.7) 





3. The steepest-descent curves 
If we write uw = Ut, we transform the saddle point uw = U into the 
point ¢ = 1 in the ¢-plane. We have also, by (2.1), (2.6), and (2.7), | 


A(u) = AuU-Hp-+ > (p—o,)A,U%}+ AuA(1+ > A,u%) 





and A(Ut)—A(U) = ApU-Pf f(t) + > b, U%f,(t)}, (3.1) 
in Minette, Meni<teen-. 
p p—o, 





The steepest descent curves are, of course, those on which either 
the real or the imaginary part of 


SO+ Y 4 U* f(t) 


is zero. Fortunately the steepest-descent curves for the case L = 0, 
which are much simpler than those for general L, are sufficient for 
our purpose. Thus we put ¢ = re“ and study the curves on which 
S{f(t)} = 0, so that ( 

pri+P?sin @ = sin pO, (3.2) 








Se 


ee eo EEO 
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and those on which A{f(t)} = 0, so that 
pri+? cos 0-+-cos pO = (p+1)r?. (3.3) 


Wright has fully described these curves elsewhere (8) for the cases 
0 < p<1and p > 1; for p = 1, they are especially simple. 

For all p > 0, one branch of (3.2) is the positive half of the real 
axis. If this is described from 0 to <0, we denote it by 1); if in the 
reverse direction, by [,. Another branch of (3.2) is [j, which cuts 
I, at right angles att = 1. If 0 < p < 1, Jj starts from —oo on the 
real axis, encircles the origin once counter-clockwise, and returns to 
—oo. Ifp > 1, IT, starts from the origin, where it touches the straight 
line 6 = —7z/p, and, after passing through ¢ = 1, returns to the 
origin, touching the line 6 = z/p. For the present, we do not define 
l, for p = 1. 

The curve (3.3) has two branches, [, and [;. For all p > 0, YT, 
starts from the origin, where it touches the straight line @ = —47/p, 
goes through ¢ = 1 making an angle }m with the positive direction 
of the real axis, and passes to infinity in the upper half of the plane, 
having the straight line 

prcosé = p+1 
as asymptote. The contour [; is the reflection of T, in the real axis, 
but we suppose that it is traversed from oo to the origin. Clearly I, 
and I; cut at right angles at t= 1. We write I, (k = 1, 2, 3, 4, 5) 
to denote any of the [’-contours. 

We write g(v) for that square root of 


= sad 1 
G(p,v) =14+ > anaaetes ) ym (3.3) 





m=1 


which reduces to 1 when v = 0. The transformation 
w = 2-H(p+ 1)H(t—1)g(1—t) (3.4) 


thus transforms a certain finite neighbourhood* of the point ¢t = 1 
into a finite neighbourhood of the point w = 0 and conversely. We 
note also that (3.4) is equivalent to 


w? = fit). (3.5) 


For p #1, the transformation (3.4) is fully investigated in (8), 
where it is proved that I, is transformed into an infinite straight 


* That is, a region lying within a circle |t—1| = K and containing a circle 
|¢—1| = K within itself. 
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line T;, in the w-plane. In fact, I’; is the complete real axis described 
from left to right, , the same line described in the reverse direction, 
I, the imaginary axis and I, I’; the bisectors of the angles between 
the axes. In addition, if 





dt 
on i rs 
we have p(w) = et O(w)+ O(w*) (3.6) 
7 


on I), for some K and all w, small or large. 

The argument of (8) depends essentially on the fact that f’(¢) does 
not vanish on [j, except at ¢ = 1, which may be readily deduced 
from the fact that Ij, and the circle |¢|} = 1 have only the point t = 1 
in common. If p = 1, all this is true for T\, fj, T, T, and (3.6) follows 
as before. 

We now prove . 


Lemma 2. On [I,,, 
filt)| < K\|fO| (<l< LZ). (3.7) 
When |t—1| is small, we have 


fit) _ (p—%+1)G(p—o, 1—t) _ p—o,+1 


ft) (p+1)@(p,1—t) pt 
by (3.3a). Hence there is a K, such that (3.7) is true whenever 
|t—1| < K,. Now (3.4) may be expressed in the form 


+ O(t—1), 








oO 


w a Wy» (t— 1)” (w, cad 0), 


the series being convergent for |t—1|< K. Hence, by the usual 
inversion of series, 


ea) 
i—l= > t,w™ 
m=1 


for | }w| < K. From this it follows that there is a K, such that, when- 
ever |w| < K,, we have |t—1| < K,. Hence it remains only to prove 
(3.7) for those points on I, at which |w| > Kg, ie. | f(t)| > Ki. 


NOW f)|_ pp) -44"—(p—or 
f®|~ [p—ar pt?+1+ 1—t°(p+1) ' 
which tends to 0 as |t| > 0 and to 1 as |t| >00. Hence (3.7) is true 
for |t| > K, and for |t|< K, But, if K,< |t| << Kj, we have 
\fi(t)| < K and so, if | f(t)| > K3, (3.7) is again true. 
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4. Evaluation of certain integrals 

We denote by [,(U) the transform in the u-plane of IT, in the 
t-plane, obtained by putting u = Ut. 

Lemma 3. If there is a K, such that one of the following sets of 
conditions is satisfied, viz. 

(i) k=1, 3$7+K, < argu < 3n—K,, 

(ii) k= 2, —$r+K, < argU < —}n—K,, 

(ili) k= 3, pA~1, —4nr+K, < argu < }n—K,, 

(iv) k= 4, K,<argU < 7—K,, 
or (v) k=5, —a+K, < argU < —K,, 
then the integral 1 
[,(U) = — | u-BeX) du 


Trt 
TU) 


converges and I,(U) = H(Y). 


In [,(U) we make in succession the transformations w = Ut and 
(3.4). We have _ 
, (0) = U8 [ p(w)eX¥ dw. (4.1) 

ry 
On [;,, by (3.1), Lemma 2, (2.5) and (3.5), we have 
\Ut)—A(U) = pAU-ef(t){1+-0(U%)} = yUw{1+O(U%)}. (4.2) 
We remark that, for large y, U is small and yU large. 
The substitution w = itU-ty-tx 


transforms IT}, into an infinite straight line Z through the origin in 
the x-plane. If any one of the sets of conditions of Lemma 3 is 
satisfied, J lies within the angle formed by the lines 


arg(+2) = +(}7—}K;). 
We have also, by (3.6), (4.1), and (4.2), 


I,(U) = {2y(p+1)}-+27Ut POO), (4.3) 
where 
J, = | e-2*(1+0U)} £] + O(U-ty-tx) + O({U-ty-ta})} dx 
a 
= J,+Jd,+J; (say). (4.4) 
Now [ \aKe—e{1+OU%)} | |da| < K 
g 
and so J,+d, = O(y *). (4.5) 


3695,2.1 E 
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We now denote by &’ the part of Z on which |x| < |U|-%, and 
by 2” the remainder of JZ. We write J, = J,+/J{ to correspond. 
On &", 

exp{—2?0(U%)} = 14 O(x?U%), 


and so 
J, = jee dx +O(U%) | |a2e-@* | |dar| 
9’ a 
= | e-™* dx+ O(U%) = m#+ O(y-). (4.6) 

g 

Also, on J’, 
Alx%{1+O(U%)}] > A422) > Ax?) +K|Y|E 

and so J, == Ofe-FF *) = Ofy~). (4.7) 


Lemma 3 follows from (2.3), (2.5), (4.3)-(4.7) and the definition 
of H(Y) in (1.4). 


5. Proof of the Theorems 
We refer the reader to §1 for the definitions of «, a’, Y;, Y’, Y”. 
From (1.2) and (1.4) it follows that 


log|H(Y;)| ~ R{QW)} ~ (1+ p)|AY8\cos(ar-+2jn7). 
Hence, if cos(ar-+ 27’2r)—cos(ar+ 27"n7r) << —K, (5.1) 
the expansion H(Y;) is negligible compared with the error term in 
H(Y;-) and so ‘ 
Cy) H(Y,)+H,-) = H(Y,). (5.2) 
We suppose 0 < a < 7, the proof for negative values of « being 
similar. We have then a’ = a—z, Yj = Y’, Y_, = Y” and the result 
li 
of Theorem Fis yy) = H%) + HF). (5.3) 
If 0 <a < 7—K, we have 
cos(at— 2n7r)—cos ar = —2sin7(7—a)sinar < —K, 
since 0 < r < 1, and so (5.3) is equivalent to 
¥(y) = A(X). (5.4) 
Hence Theorem 2 is an immediate corollary of Theorem 1. 


We write U; = U(Y;), where U(Y) is the value of U defined in § 2 
in terms of Y. By (2.5), 


arg U; = ar+2jnr+w;, 
where w; = O(Y;%). We observe that 
1,(U;) = H)), (5.5) 
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provided that the appropriate set of conditions of Lemma 3 is satis- 
fied. It is readily verified that, whenever we use (5.5) in what follows, 
these conditions are in fact satisfied. 

Let us write w = Re'?. The contour @ in (1.1) can be replaced by 
a contour whose extremities lie at infinity in the directions ¢ = ¢’ 
and ¢ = ¢”, where 

—3r+K < q' < —}r-K, $n+K < $" < 3n—K (5.6) 

for some K. We now show that such a contour can be formed (apart 
from one exceptional case) by a combination of contours of the type 
of f.(U). Several cases have to be considered. 


(i) 0< p<1,0<a< }a. The extremities of the contour [,(U,) 
lie at infinity in the directions 


d' = ar—m7+ Wp, ¢” = atr+m+wWo 
and (5.6) are clearly satisfied. Hence 
Wy) = 1,(U)) = HM%). 
This is (5.4) and, as we have just seen, this is equivalent to (5.3) for 
this range of a. 


(ii) 0<p<1,447<a< 7. Here we use the two contours [,(U_,) 
and [,(U,). These go to infinity in the directions 


¢’ = ar—2nt+w_,, d” = atrt+4rtouy 


respectively. It is readily verified that (5.6) are satisfied. 

The two contours each have an extremity at the origin. To avoid 
the singularity of the integrand in (1.1) at the origin, we join the two 
contours by an are of the small circle R = 8, where 6 is small com- 
pared with any negative power of y, for example, 5 < e-¥. On this 
circle the integrand is dominated by the factor 


exp(Au-?) = exp(|A |8-Pe%2-9)), 
On the are we are using, ¢ lies between 

ar—2ar+w_1, ar—}n/p+woty, 
where y > 0 as 58> 0. Hence a—p¢ lies between 


at-+2rpr—pw_,, at+42r— pwy— py 


and, for small enough 6 and large enough y, these lie between 47+ K 
and 37—K for suitable K. Hence cos(a—p¢) < —X on the are and 
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the contribution of the arc to the integral (1.1) tends to zero with 5. 
Hence we may replace @ by [,(U_,) and [,(U,) and we have 


#(y) = L(U_,)+L(O)) = A(¥_,)+H(%). 


(iii) p > 1. In this case, we replace @ by three contours joined 
by arcs of a small circle. When p > 3, we take 


(U4), T3(U), U(Q)), 
while, for 1 < p < $, we take 
I(U_,); T(U), T(G,). 


We can show that the integrals along the arcs of the small circle 
tend to zero with the radius of the circle. Hence we have 


by) = H(Y_,)+H(%)+H(Y,). 
Now 
cos(ar-+ 227)—cosar = —2sin(ar+r)sinar << —K 


for p > 1, since 0 < + < $. Hence H(Y,) is negligible compared with 
the error term in H(Y,) and 


oy) = H(¥_,)+H(Y). 


(iv) p=1, jt7<a<7m. We replace @ by the contours [,(U_,) 
and [,(Up), joined by an arc of a small circle. We have 


‘= Ja—fr+w_,, "= ga+ $r+Wo 
and so (5.6) are clearly satisfied. On the arc of the small circle, ¢ lies 
between ha—da+w_ty, fa—}a+wot+y’, 
where y, y’ > 0 as 6-0. Hence on this are 
app =a-$ = dat det h, 
where |£| < max(|w_;|, «29|)-+max(|y|, |y’|), and so 
cos(a— pd) << —K. 
Hence the contribution of the are tends to 0 as 6 > 0 and 
#(y) = 1;(U_,)+1,(U)) = H(¥_,)+H(¥)). 
(v) p=1, 0<a<}za. This is the exceptional case and we deal 


with it somewhat differently. 


6. The exceptional case 

Since p = 1 and 0 < a < }n, we require a contour of the type of 
I;(U), but this has not been defined. The equation (3.2) becomes 
(r?—1)sin@ = 0, so that [T, would have to be the circle r = 1, i.e. 
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't} = 1. The argument of (8) immediately breaks down, since it 
depends on [j, having no point but ¢ = 1 in common with |t| = 1. 
In fact, f’(t) = 1—t-* vanishes at ¢ = —1 and (3.6) is false at the 


corresponding points w = +22. If we write K, = 3m (say), however, 
we have f’(t) ~ 0 (except at ¢ = 1) on the arc 


|¢] = 1, —K, < argt < Ke, 
which we may call I. In fact, the transformation (3.4) is now 
w = t-4(t—1), 
i.e. t= 1+4w?+w(1+}4u)!, (6.1) 


which, since w = 2isin(}argt) on Jj, transforms [, into I, the 
segment of the imaginary axis in the w-plane on which 
|w| < 2sin } Kg. 

On this segment the right-hand side of (6.1) can be expanded into 
a convergent power-series, and (3.6) is still true. Hence, by similar 
calculations to those used before, J,(U)) = H(Yp). 

Now replace @ by [,(U)), together with two suitable semi-infinite 
straight lines parallel to the real axis in the u-plane. These straight 
lines lie wholly to the left of the imaginary axis. On them 


lexp{yu+Au-A(1+ > A,w%)}| < Keiva, 
and so their contribution to %(y) is O(1). Hence 
Wy) = H(%)+0(1) = HY) = H(%)+H(¥), 
since log|H(¥,)| > K|¥8|, log|H(¥_,)| < 0, 
when p = 1 and 0 <a < }z. 
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INDEFINITE BINARY QUADRATIC FORMS 


By H. DAVENPORT (London) 
[Received 25 February 1949] 


1. Let f(x, y) = ax*+-bxy+cy? be an indefinite binary quadratic form 
with real coefficients and discriminant d = b?—4ac > 0. We shall 
suppose that f(x,y) does not represent zero for any integral values 
of x,y other than 0,0. In a recent paper* I proved that for any such 
form there exist real numbers £, 7 with the property that 

[fle+é,y+n)| > idevd (1) 
for all integers x, y. It was further proved that, if a, b,c are integers, 
then £, 7 can be taken to be rational; a result which is of importance 
in connexion with the question of Euclid’s algorithm in real quadratic 
fields.t 

The proof of the theorem was based on a particular theory of the 
reduction of indefinite binary quadratic forms, namely that essen- 
tially due to Hurwitz, and involved some detailed calculation. In the 
present note I exhibit more clearly the underlying principles of the 
proof by basing it on more general ideas, but I content myself with 
obtaining, instead of (1), 

fa+é,y+n)| > «vd, ° (2) 
where « is some positive absolute constant. 

I have elsewhere{ extended the method to cubic fields of negative 
discriminant, and the present note may serve as an introduction to 
that case. Nevertheless, to avoid duplication, I refer to that paper 
for the proof of one lemma of a non-arithmetical nature. 


2. There are several alternative theories§ of the reduction of 
indefinite binary quadratic forms, the principal ones being due to 
Gauss, Hermite, Minkowski, and Hurwitz. Each of them results in 
the construction, from the given form f(x,y), of an infinite chain 
f(x,y) of reduced forms, all equivalent to f(x,y). Here the suffix n 
takes all integral values, positive, negative, and zero. Two given 

* ‘Indefinite binary quadratic forms, and Euclid’s algorithm in real 
quadratic fields’, Proc. London Math Soc. (in the press). 

+ See H. Chatland and H. Davenport, ‘Euclid’s algorithm in real quadratic 


fields’, Canadian J. of Math. (in the press). 
t ‘Euclid’s algorithm in cubic fields of negative discriminant’, Acta Math. 


(in the press). 
§ See, for example, Bachmann, Die Arithmetik der quadratischen Formen, II. 


Quart. J. Math. Oxford (2), 1 (1950), 54-62 
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forms are equivalent, if and only if the chains of reduced forms 
constructed from them are the same, apart from a translation in 
their enumeration. If a form has integral coefficients, the chain is 
periodic. 

Whichever definition of reduction is employed, the general nature 
of the relations between the reduced forms composing the chain is 
the same. We can write the given form as 


fix,y) = va XY, (3) 

where X, Y are linear forms: 
X=ax+py, Y= yrt+dy, (4) 
with ad—By = 1. (5) 


The reduced forms are obtained by linear substitutions with integral 
coefficients and determinant unity: 


= Prt +Gny'; 7 = ¥,, 2’+8,y' (Pn 82—-Mn hn = 1). (6) 


These substitutions give 


X=a,2'+8,y’, Y=y,2'+6,y’, (7) 
where Xn = Prat, B, Bn = In&+8, B, (8) 
Yn =Pn¥t+™m8, — 8n = Invyt+Snd; 
and Xn On—BnY¥n = |. (9) 
The general form of the chain is 
Frla,y) = Vd(a,t+Br yn t+8,Y)- (10) 
The substitutions are such that the coefficients a,,, B,, yp, 5, satisfy 
Osi] < lenl, |¥nsal > l¥nl (11) 
for all n, ‘and also 
Ont =Bn» — ¥nt = Sn: (12) 


Each definition has its own additional properties. The simplest of 
these relate to the magnitude of «, y,. In all the theories |a, y,| < 1, 
but in the theories of Hermite, Minkowski, and Hurwitz it is further 


true that lon Yn| <#A< 1, (13) 


where @ is an absolute constant. Hurwitz’s definition has the 


property that 

lens! << $lonl — Yngal > 4(1-+V5) lyn 
and it is really this which made it possible to base the proof of (1) on 
Hurwitz’s theory. 
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3. The simplest basis for a proof of the theorem is provided by the 
conception, which I now introduce, of a regular chain of equivalent 
forms. This means a chain of forms, derived from f(x,y) by uni- 
modular substitutions, as in § 2, with the following properties:* 


1 

lon +11 < Glen» lYneal > Clynl; (14) 
lon Yn] < F< 1, (15) 
|p Yn+1! <>. (16) 


Here #, C, B are constants and C > 1. It will be proved in § 6 that 
for any f(x,y) there exist such regular chains of forms, and that this 
is true if C is prescribed arbitrarily and # is a suitable absolute 
constant (e.g. # = ,/4). For the present we assume this, and proceed 
to prove the main theorem: that is, the existence of € and y with the 
property (2). Note that «, y, + 0, since vd «, y, is a value of f(x, y). 


4. Since f(x,y) is equivalent to f,(x, y), it suffices to establish the 
existence of real numbers Ap, 4, such that 


|(%p%+Boyt+Ao)(y¥ot+Soy+Ho)| > *? (17) 

for all integers x, y. This will be achieved by the definitions 
No = Vp Mt %+U2 %+..., (18) 
Ko = V4 Y-1 0-2-2 T+ (19) 


provided that the constant C in (14) is sufficiently large. Here v,, is 
a positive integer which we define by 


Un = [P\a, val*} (20) 
where [¢] denotes the integral part of ¢t. It follows from (15) that 
43 < v, |, Yn| < B. (21) 
The series (18) and (19) are absolutely convergent by (14) and (21), 
since 9 
Un |o%| < Se nln < i. 
lYnI |X| 
and C > 1. 
Suppose there exist integers z, y which violate (17), so that 
|(%q%+BoYt+Ao)(Yox+Soy¥+Ho)| < *?. (22) 


Since |y,,| increases with n, and tends to 0 as n > —oo and to © as 
nm —> +00, we can determine an integer m so that 
Br 
lyme! 


* Note that it is not assumed that (12) holds ; indeed this will not generally 
be the case. 


Br 
< |ape+Boyt+Ag| < — 


lYml” 
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provided that «),x+f,y+A, is not zero, a possibility to which we 
return in a moment. By (22), we have 
2 l 2 B2 B 
lyot+Sytpol < —Zatt! < ~—_ =, 
Br Br \a,| | Cyn | 





on using (16). Thus we have found an integer m such that 





B 

lou 7+ Boytro| < mat (23) 
| fm! 
B 

lyor+8oytHol < —. (24) 
|~m | 


This we can also do if aga+Byy+A,) = 0, for then (23) is always 
satisfied, and (24) is satisfied if m is sufficiently large. 
Before proceeding further, we need another fact of a general nature. 
Define A,,, »,, for every integer n by 
An ' On +Unst Xn $ateess (25) 
—Pn = Vn-1 Yn-11Un-2 Yn-2 + : (26) 
The series are again absolutely convergent, and we have the recur- 
rence relations 
An = Un On +Ans+1 Pn = Vn Yn t+Pn+1: (27) 
Hence, if x, y are integral variables, we have 


Xn «+B, y+A, si Oy (@+Un)+Bn Y+Ans = On+1 @'+Briy’+ans, 
where x’, y’ are related to x, y by a non-homogeneous integral 
unimodular substitution (the homogeneous part of which is the 
substitution transforming the form f,, into the form f,,,,). With the 
same substitution, 


Yn x+6, Y+bn = Yn+1 a’ +6, +1 Y' +bns: 
Starting with any integers x, y, and applying repeatedly this process 
and the inverse process, we obtain, for every n, integers 2,,, y,, such 


that 
” aX t+BoY+Ag = Oy tn t+By Yn tA; 
YoU+SoY+Mo Te Tn tS, Yn+En: 
In particular, by (23) and (24), we have integers z,,, y,, such that 


lon mn +Bn Ym tan! < 
lYm| 

, B 

Y¥mnUmtomYmt+ Hm! <x a 


| on | 
Multiplying the two linear forms by —y,,, «,, and adding, we deduce 
that 


a — Am Yor t Pe On | <x 2Br. (28) 
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But, by (25) and (26), 
oo m—1 
Am Ym—-Em Xm _ Um Xm Ym + Zz Up Oo, Ym + 2% Yr Xm» 
St 























r=m+1 
whence 
« m—1 - 
An Ym— Pm %nm— Um Om Ym! < db > Yes +3 > = 
Yr OX, 
r=m+1 r=—o 
< 2 
> a ’ 
on using (21) and (14). Hence, by (21) again, 
25 25 
30 — er < ee Xm < o+- ay ° 
Since y,, is an integer, we have a contradiction to (28) if 
; 2d 28 
2B min| 4¢ — ——_,, 1— 8 — : 
me (1 C—1 C— 5) 


If # is fixed, and C is chosen sufficiently large, the right-hand side is 
positive, and we obtain the desired result for some positive constant x. 


5. We have now to prove the important further result that, if 
f(x,y) has integral coefficients, then € and y can be chosen to be 
rational. For this it is necessary first to prove that there exists a 
regular chain of forms, corresponding to f(x,y), which is periodic. 

Consider any regular chain of forms 

Ful@sy) = Vd(on © +By Y(YnZ+8nY) = yt? +by ty +ey y*, 
derived from f(x,y). Since 8, and 6,, do not occur in the inequalities 
(14), (15), (16), their choice is to a certain extent arbitrary; we can 
certainly suppose them so chosen that |b,| < |a,|. Now |a,| is 
bounded, by (15), hence so is |b,,|, and consequently so also is |c,,| 
since d = b2—4a,,c,. Since a,,, b,,, c, are now supposed to be integers, 
there are only a finite number of possibilities for them. Hence there 
must exist integers j, g with g > 0 such that f(x,y) = fj.9(2, y) 
identically in x, y; that is 

(a; e+B; yy; t+8;Y) = (A492 +Bjg YM Vj1ge tS; 19Y) 
identically in x, y. Since 








ay 8;—B; 7; =l= 05499549 —Bj +9 Vi+9 


it follows that 

a; x+Byy = W(xj;49U+BjigY), yje+8yy — wy; 49% +8;49Y) 
identically in x, y, where w is some real number. Note that w = a,/a;,/, 
so that |w| > 1 by (14). 
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For 7 <n <j+g, we adopt the values already determined for 
Ay, Ons Cns Xn» Bas Yn> 5, but define new values for them outside this 
range by using the relations 

Onig =n. Onig=On. Cnty = Cn (29) 


n+g n+g 


Xn = WAn+g> B,, — WBr +g» tae wm Ynigs 8, _— WO Brig (30) 
as recursive definitions. No inconsistency arises when n = j. With 
these definitions, (14), (15), (16) are true for all n. We now have a 
regular chain of forms which is periodic with period g. 

Under these circumstances, the series (18) and (19) defining A, and 
fy can easily be summed. We note that v,,, defined by (20), is also 
periodic with period g. We have 

No = (a9 Vp tay Vy +... + &y_y Vg_-1)(1-+-w-!+ w-*+ ...) 

= (Xp Vg tay Vy... tg_y Vg_)(1—w!)-1, (31) 
—po = (y-1 V-at+7-20-2t+---+y-y v_,)(1+-w-!+w-?+...) 

= (Yg-1 Mga tVg-2%y—2t ++ FY 9 Vo "(1—w"), 
whence Ho = (YoVoty1 +--+ 9-1 Mp—1)(1—w)1. (32) 

However the original factorization of f(x, y) may have been effected 
in (3) and (4), the ratio B/« is a number in the quadratic field k(vD), 
where D is the square-free part of d, and 5/y is its conjugate. Hence 
the ratio of any two values of the linear form X is a number in k(vD), 
and the ratio of the two corresponding values of Y is its conjugate. 
In particular, by (30), w is a number in k(VD), and w- is its con- 
jugate. It follows from (31) and (32) that 


and 


Ao = P% fo = P'Yo 
where p, p’ are conjugate numbers of k(vD). 
To prove that € and » are rational, it suffices (on going back to the 
beginning of § 4) to prove that & and 7p, defined by 
a9 Fo +Bo no = Ao; YofotSo%0 = Ho» 


are rational. Solving these equations, we have 
\ ’ Ao ’ 
Eo = —YoAot+%Ho = % Yelp —p) = va? —p), 


Co 


No = 89A9—Bo Mo = Bo8x(n5?— p'2) = <o(p5¢— p' 2), 
0 0 0 0 


This proves the result, for the difference of any two conjugate 
numbers of k(vD) is a rational multiple of VD, and so of vd. 
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6. We have now to establish the existence of a regular chain of 
forms, as defined in § 3, equivalent to any given form f(z,y). It is 
possible to base a proof on any of the various theories of reduction; 
for convenience we shall use Hermite’s theory. The idea is that of 
selecting a sub-chain out of the complete chain of reduced forms. 

Hermite’s theory of reduction is based on the consideration of the 
positive definite quadratic form 

Qr(v,y) = RPX*4+ RY? = R*(ox+Py)?+ R*(ya+dy)?. (33) 
This form has discriminant —4. For any positive value of the 
parameter FR, the form has a certain minimum, for integral values of 
x, y other than 0, 0. We assume here the fundamental fact* that all 
positive values of # fall into closed intervals R, < R < R,,,, such 
that, for all R in the same interval, the minimum of Q;(z,y) is 
attained for the same x, y, and that these values of x, y cease to 
provide the minimum when FR < R, or R > R,,,,. Here the suffix n 
takes all integral values, positive, negative, and zero. Let «,, y, be 
defined as the values of X, Y for which the form Q, has its minimum 
in the interval Rk, < R < R,,,. It is easily proved that 


lon +1! <. |p|, lYn+1| > lYnl- (34) 


When & = R,, the minimum of Q, is attained twice. Since the 
minimum of a positive definite form of discriminant —4 does not 
exceed ,/, we have 


Ro at Rayna = Raat Rayna < 4. (35) 

It follows from the inequality of the arithmetic and geometric means 
that 1 

|X» Yn! < v3 (36) 


for all n. 

Now a, ¥n-1—%n-1 Yn 18 an integer not zero, siuce «,, y, and «,_4, 
Yn-1 are values of the linear forms X, Y arising from integral values 
of x, y which are not proportional to one another. Hence 


|p Yn—1l+ |%n—1 Yn! > |, 
and it follows from (34) that 


[p+ ¥nl > 3. 
| %p—1| Z $\¥n| Sm 3(?)' Re}, 
lY¥n| 2 Flom? > $(2)*R,,. 


* See Bachmann, loc. cit., Kap. 3. 


Hence, by (35), 
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Thus 
(?)}# RE! < |a,-4| < (§)*Re?, $(2)t* Ra < lyn] < (§)tR,. (37) 


For every integer n, there is a unimodular substitution which 
transforms the linear forms X, Y into two linear forms whose first 
coefficients are «, and y,. To establish the existence of a regular 
chain, it suffices to prove that there exists an increasing chain of 


integers n, such that 


rhe 


| | 


1 
[np sa! S Gl onal einee! > C'ly nl (38) 
| << 


| Xn, Vines 1! 
For then, after a change of notation, (14) and (16) will be satisfied, 
and (15) is in any case satisfied, by (36). 
In view of (37), it suffices to determine an increasing chain of 


integers n, such that 


R(Ms1) > AR(n), (39) 
R(ny44+1) > AR(n,+1), (40) 
Rip) < A'R(my, +1). (41) 


Here we have written R(n) instead of R,, to avoid complicated 
suffixes. If, for every A > 1, we can satisfy (39), (40), (41), where 
A’ is some function of A, then, for every C > 1, we can satisfy 
(38), where B is some function of C. 

The proposition that for any A > 1, and some suitable A’(A), 
there is an increasing chain of integers n, such that (39), (40), (41) 
hold, is a proposition which is true for any positive increasing function 
R(n) of the integral variable n, which tends to 0 as n > —oo and to 
co as m—> +00. We prove it, with A’ = A‘, by two applications of 
the following lemma.* 

Lemma. Let T'(n) be a positive increasing function of n, defined for 
every integer n, and such that T(n) > 0 as n + —oo and T(n) > as 


n—>+oo. Let A > 1 be given. Then there exist integers n,,, defined for 
every integer k, such that n;,,, > n;,, and 


for ait & AT (n;,.) < T (p44) < A?T(n,4+1) (42) 
or all k. 


* This lemma is proved in my paper referred to in the footnote { on p. 54, 


but is probably well known already. 
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By considerations of symmetry, it is easy to see* that the con- 
clusion would also hold if (42) were replaced by 


1 1 

rE T (M41 —1) < T(m) < a T' (ny 41)- (43) 
We begin by applying the lemma, in the form first stated, to the 

function T'(m) = R(m). It follows that there exist integers m,, 


defined for every integer j, such that m;,, > m, and 


AR(m;) < R(m;,,) < A?R(m;+1). (44) 
Define functions S(j), S,(j) by 
S(j) = R(m;), 8,9) = R(m;+1). (45) 
In terms of these functions, (44) becomes 
AS(j) < S(j+1) < A*S,()). (46) 


Now apply the lemma in its second form to the function S,(j). We 
obtain the existence of integers j;,, defined for every integer k, such 
that j,., > Jj, and 


qaSilder—}) < S\lie) < Sides (47) 

We have S(jrit) > S(jet+1) > AS(9,), (48) 

by (46). Also Si(Fesr) > AS\(x)s (49) 
by (47). Finally 

S(jrs1) < A?S\(Jrir—1) < A4S,(jx), (50) 


by (46) and (47). If we now define the integers n, by n, = m,,, then 
R(n;,,) = S(j;,) and R(n,+1) = S,(j;,,), and the inequalities (48), (49), 
(50) become precisely the desired ones: (39), (40), (41), with A’ = A‘. 
This establishes the existence of regular chains with arbitrarily 
large C. 


* For a formal proof, apply the lemma to the function U(m) = (T'(—m))-}. 
We obtain a chain of integers satisfying the analogue of (42). If we denote 
the general integer of this chain by —n_,, then , is increasing, and (43) follows 
(with a different symbol for the variable x). 



































ON WELL-POISED BILATERAL HYPER- 
GEOMETRIC SERIES OF THE TYPE ,.¥;, 


By M. JACKSON (Nottingham) 
[Received 28 February 1949] 


1. A Frew formulae* have been established for bilateral basic hyper- 
geometric series, but no results have been given for series of order 
higher than six. Recently, Searst proved a formula for well-poised 
basic hypergeometric series, which can be used to give formulae 
involving well-poised bilateral basic hypergeometric series of any order. 
In this paper well-poised series ,\/, are considered. 
I follow Sears in replacing the more usual q in basic series by p and 
in using the notation M 
: IT @(,) 
Ga) =JT][ (l—ap’), Gq... agg by,..., by) = F——-, 
ime IT G(6,) 
and I use the definition ‘ 


Qla;b,c,d,e,f,g| = G(ap/b,..., ap/g, a*p?/bedefg; ap, p) x 


Sears’s formula is va, —a, pa/b,..., pa/g 


PS, (41) o¢Woyg-1 (41; —2z) 
= A, Q(4y)S; (4/43) 257 Woyg-4 (423 —2)+-idem(a,; dg,..., A741); 


4 - M -1 
where the parameters are @,,Qp,...,@a;, and x = (pa,)™(ay,..., Gaqz)71. 
Also, 


| 2M M+1 = 
P= (| TT G(pa,/a,,p/a,)| TT’ Gla,,a,/a)} , 
larfe i 
2M M+1 aif 
Q(az) nana ( TT @(wa,/a,, pa,/a,a,)}{ * G(a,/ay, 454,/2,)} ? 
S\(x) = TT —ep®)(1—2tp* 9), 
r=0 
— 
m+iWy(4432%) = as A Rr i 


m+iWy(a,; x) . 
=» |v a,, a, Ay/A,.++, a, a,_4/A, a, Gy 4.4/Ay,-0+5 a, Ay 43/4, | 
~~ Ma+ 5] > 
pa, /A, PA,,/Ag,..., PAp/Ayy 44 


for r = 2 to M+1. ‘Idem’ and II’ are interpreted as usual. 


* See (1). The notation of (1) is used throughout this paper. + (7.2) of (2). 
Quart. J. Math. Oxford (2), 1 (1950), 63-8 
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2. If in Sears’s formula we take M = 7, then the parameters are 
y,..-,4,4. Taking 
a,=P, Gy=p,/4, ,=pa,/a, a,=pva,, a= —pvay, 
we obtain the following formula* 
Qf ay; Ap,.--, U4] 
G (dy P/A4 Aq,-.-5 Ay P/Ay 14, A P/Ag, Ug, P/Ay, P/Mg, U/4) 
G(p/g,.+-5 P/Qy4, PA/Mq Ag, Ug/Ag, PA4/Ag, Ay 4g/A,, PA,/a3) 


x Of a§/ay; Ag Qg/,,..., 44/4, |+idem(a,;a,), (2.1) 





a relation connecting three well-poised series ,‘¥5. 

Now, in (2.1), if we take ag = a, and dy) = dg, the ,‘¥,’s on the right 
reduce to ,®,’s, and a relation} giving a well-poised bilateral basic 
hypergeometric series in terms of two well-poised basic series of the 
ordinary type is obtained. With a change of notation, this may be 
written 
Qf a; Ag, Ug, 7, Ag, Ag, 9] 

= G(pay/d3 47, pa,/A3 Ag, PA, /A3 Ay, PA, /Az M49, Aq, U4/Ay, PA,/A4, p/A,; 

P/47, P/Mg, P/Ag, P/Ayo, 4g 4/4, P/Ag, U4/Ag, PAs/A4) X 
X XL4§/2y; As @4/Ay, Ay 7/0, Az Ag/A1, Ay My/Ay, Ay 49/4, ]+ 
+idem(a,;@,). (2.2) 

In (2.2), if we take a, = pa,/a,, the ,‘¥z reduces to a ,\Y and the 

series on the right combine to give a ,‘f%, we thus obtain 


, j 
rf PVA, —PVOy,47,...,449 . 2 
3 PAz/A7 Ag Ay Ayo 


© 8 Way, — Vay, pay /A7,..., PA; /Ay9 
agi G[ pay, p/dy, pPA4/Az,..., PA4/449, PAy/AqAy,..., PAy/4 249] x 
G| pay/aj, paj/a,, pa/Az,..., PA,/A49, P/Az,.., P/Ayo] 





pa4/ Nay, — pag) Vy, Ay A7/Ay,...,04Ay9/4y, 

Ay/NAy, —A4/VAy, PAy/A,,..., PAy/Ayq 
If in (2.3) we take a.) = a4, the ,‘Y% on the right reduces to a ,®;, 
which can be summed to give a known resultt for the sum of a ,'Y,. 
The formula (2.3) can itself be verified by using this known result to 
sum the series on both sides of the formula. 


x “| pata; 545. (2.3) 


* (2.1) is a generalization of (4.6) of (1). 
+ This result may be proved directly by taking M = 5 in Sears’s formula; the 
parameters are @,..., @j and we take a, = p, a, = pva,, and a, = —pva,. 


t (4.7) of (1). 
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3. I now give two formulae which express an ,‘¥, in terms of Saal- 
schiitzian ,®,’s. The first is the simpler, but the second is used to 
obtain other results. The series ,®, on the right of (2.2) are transformed 
by using the formula which expresses an ,®, in terms of two Saal- 
schiitzian ,®,.* In this formula, the parameters are in two groups, 
and the two different results are obtained by taking the parameter 
a3 @,/a, in each of the groups in turn. 

This gives the following two formulae 


Ql a1; Ag, U4, 7, Ag, Ay, Ayo] 


. ' 
G(pay/d3 47, PA,/A3 Ag, PA,/A3 Ag, PA,/Az Ayo, U4, P/Ay, 44/4, PA,/A4, 
otal 
PPA} |g Ay Az Ag Uy Ay, PAy/Ag Vg, PA, /Ag 219, P4/My 419, P43/47) 
—— 5 
G(p/dg, A4/A3, 43% 4/41, P/M, P/Ag, P/Ay, P/Ayo, PAz/A3 Mg Uy Ao) 
xO ee eee |+ 
F 3 . / 2 ? 
PA3/Aq, PA3/A7, Az Ag Ay 449/04 
Y / 4 
G(pay/A3 47, pA, /A3 Ag, PA,/A3 Ag, PA,/A3 Ay, U4, P/M, A4/A,, pA, /A4, 
na. | 272 242 
Py /A gy, Az Ug/ A, Uy Uq/Ay, Ag A 49/4, P°At/Ay Ag Ay Ayo, P°A}/Az Mg Uy 449) 








+ fs ia be 
G(pag/A4, Az gy Ao/PAz, P/Agz, A4/Ag, Ag A4/A,, p/A7, p/Ag, P/Ay, P/Ayo) 
273 
xO ¥ Ay Ayo; PA, /Ag Ayo, PAy/Ag Ay, PA} /Az A, Az Ag Ay Ayo, |+ 
4*3 242 2/ 2 
pat /Az Ag Ay Ay9, P*AT |, Ag Ay Ay9, P’At/Az Ag Ay Ayo 
+idem(a3; 4,4), (3.1) 


Ql a1; a3, @4, Az, Ag, Ay, A] 


G(pay/A3 47, PA; /43 Ag, PA, /A3 Ag, PA,/A3 Ay, Ug, P/A,, Aq/A, pA, /A4, 
' : 2743 
_ _Pa,/4,47, pa, U4 Ag, PA, /A, Ag, PA3/My, PAz/A19, P A} /A3 A447 Ag Ay 49) 
= + <—s a 
G(p/dg, PA3/Aq, 14/43, Ag 14/41, PAy/A3 4A, Ag, p/Az, p/Ag, P/Ag, P/ Ao) 
<® * Ay 29; eh ce 4 
‘4 , j / 2 > 
PA3/Ag, PAz/A19, Az Ay Az Ag/Az 





Y 4 
G(pay/A3 47, PA/Az Ug, PAy/Az Ay, PA,/Az Ayo, Uy, P/Ay, M/A, pA,/Ay, 
| la.. p®a2/ 2 
PAy/Ay Ayo, Ay 47/41, Ay Ag/A1, P*Az/A4 Az Ag Aq, P*Az/A4 A, Ag My) 





on 
G(p/dg, 14/3, PAs/Aq, Ag Uy A7 Ag/pay, p/Az, p/Ag, P/g, P/A9) 
243 
ar Pee eee Gj /3 147 Ag Ayo, |+ 
en 272 272 mn? | I 
p°Ay/ Az A447 Ag, P"Ay/A, Az Ag Ajo, P"A;/A,47 Ag Ay 
+idem(da; a4). (3.2) 
When a, = a@,, both (3.1) and (3.2) reduce to the formula which 
expresses an ,P, in terms of two Saalschiitzian ,®,. 

Since the second ,®, on the right of (3.1) is symmetrical in a, and a,, 


* (4.2) of (1). 


3695,2.1 F 
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this formula expresses a general well-poised ,‘¥, in terms of three 
Saalschiitzian series ,O,. It does not appear to be possible to combine 
any of the series on the right of (3.1) and (3.2), unless there is a relation 
between the parameters. If, however, the general well-poised ,‘f, is 
also Saalschiitzian, it can be expressed in terms of two Saalschiitzian 
series as follows. 

It is known that* 

G(pa/de, pa/df, pa/ef, pa/b, pa/c, p*a*/bedef; pa/def ) x 

. pa/bc,d,e, 
pail paje deffa'?|+ 
+G(pa/bc, d, e, f, p?a?/bdef, p?a?/cdef; def/pa) x 
| pa/ef, pa/df, pa/de, p?a*/bedef. 
| p®a/def, p2a?/bdef, p2a?/cdef :p| 
= G(pa/cd, pa/ce, pa/ef, pa/b, b, p*a*/bdef; b/c) x 
x 4D, ~ Aor ini ib: »| +idem(c;b). (3.3) 

If a*p? = bedef, the left-hand side of (3.3) reduces to an infinite 
product. Taking a = pa,/a?, b = pa,/a,a,, c = pa,/a,a,, d = pa,/agaz, 
€ = pa,/a,a,, f = pa,/ayya,, Where A54,4, 4,041) = a} p, the following 
formula is obtained from (3.3): 
1 = G (dg dg/Qy, 14 Ag /A1, Ay A49/4,, PAs /A7, pA,/A3 4; 

A4/A3, pA,/A, Ag, PAy/A7 Ay, PA,/A7Ay9, Ay gq y0/A}) X 
Oe edenpelag P| tMdamtened- 


Using (3.4) in (3.1), we obtain the formula 


x 4, 


x ® 





Ql a1; ag, Aq, 47, Ag, Ay, 249] 
G(pay/Ag Ag, PAy/Ag A49, PAy/Ag 449, PA3/Az, PA,/A3 7, 
“| Py /Az 4g, PA, /Az Ay, PAy/Az M49, 44/4, P, Mg, P/M4,4,p/4) _ 
G (Ag 4/A1, A4/Ag, P/Ag, 44 47/A,, p/A7, p/Ag, P/Ag, P/Ay9) 
G(pay/dg Ag, PA,/Ag A149, PAy/Ay A149, PA3/A7, PA, /A, Az, 
PAy/A4 Ag, PAy/Ay Ag, PAy/A4 Ay, Ag Ag/Aj, 
Ay Ay/Ay, Ag 49/4, 23/41, P, Az, p/A,, A, p/As 








G (dg 4/1, Ag/A3, P/Ag, Ag A7/Ay, Az Ag/Ay, Az A/Ay, 
Az 49/4;, p/A7, p/Ag, p/Ag, P/A49) 
Az Ag/A,, Az Ag/A,, A. A,,/a 
x4o,[“2%elh 3 A9/21, Az Ay9/A,, |+ 
As p/A7, 43 P/M, 
* (3.3) follows from (4.2) and (4.5) of (1). 


? 
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‘ ; 
G( pa, /A3 47, PA,/A4A7, Az 44/41, PAy/A, Ag, PAy/Ay Ay, PA,/Ay Ayo, 

{ / 
Oy Ug/Ay, Aq Ug/Ay, Ay Ay9/4y, Ug 7/4, Ag/@1, 43, P/44,4,p/A3) _ 


Ti j i / 
G(d3 4/41, Ug P/Ag, 43/44, Ag/Ay, A, /A3 47, p/A7, p/Ag, P/Ag, P/Ay9) 


, 9, A, P/Ag Ayo, Ay P/AgAyo, A, p/A,ga 
—idem(ay;a,)} x |” 1 P/%, %o> % P/% 0. % P/% M0. |+ 


/ > i 
A, A, p/Ay, A347 p/Ay, 4344 p/a, 
Y ] i / 
G( pay /A4 47, PAy/A4Ag, PAy/Aq Ag, PA, /A4 Ayo, PA,/Ag Ay, PA,/Ag Ayo, 
PA /9 Ay0» Py /4z Uy, PAy/ 4 Uy» PAy/y 19, 4/4, Og/A4, P» Oy» P/M, P/A) 
Y / 
G(d3/A4, P/4, Az 14/1, Ag A7/A1, Ag Ag/A,,4,4,/A,, 
j / / 
3 M49/4, P/Az, P/Ag, P/Ag, P/A 49) 


“Kvide ¢ 3 —_ 5 
provided that a} p = €544070g 4, Qo. (3.5) 


| 
! 





This formula expresses the general well-poised Saalschiitzian ,‘¥, in 
terms of a Saalschiitzian ,®, and a Saalschiitzian ,®,. 


4. The formula (3.2) can be used to obtain two-term and three-term 
relations between well-poised bilateral basic hypergeometric series ,'¥3. 
We use (3.2) to transform 


: 3 . 2 mn? |, 2/ 2 
Ql pa} /ds A407 Ag; paz /a4A7 Ag, pat /A, 47 Ag, paz /As 47, PA? /Az Aq Ag, Ay, Ayo]. 


The series occurring on the right of (3.2) are unaltered, and it is possible 
to eliminate two of these series between this result and (3.2). Thus 


G(p/47, p/Ag, P/A3, 43 4/41; P/Ay, PA,/A3 47, PA,/A3 4g, M4) X 
x Of ay; dg, Ay, Az, Ag, Ay, Ao] 
= G(a,4,4,/a?, a,4,a,/a?, a,a,a,/a?, pa,/a,ag; 
A447/A1,A4Ag/A,, PAZ /A, A, Ag, Az A447 4,/a}) X 
x Of pa} /az a, a, Ag; paz/a, Az Ag, paz /as a7 As, 
PA} /z Ay Az, PAZ/Az Aq Ag, Ay, Ayo] — 
G (1/7, PA7z/Ay, 43/4, PAg/Az, A,/Ag, PAg/A,, A{/Az A447 Ag, 
__ % Oy Aggy Ag/A}, PAy/A4 149, PA,/A4 4g, PA4/A3, PA3/A) 








Y 
a, G(d4, P/A4, PA, /Az Az, PA,/Az Ag, Ay Az/A,,A,Ag/Ay, 
la? mee? 
Az Az Ag/Aj, PAt/Az A, Ag, P/Ay9, P/Ag, A3/Aq, PA,/A3) 


xX 


X [0G /Qy 3 Ug Ag/Ay, Ay Ay /Ay, Ay Ag/Ay, Ay Mg/4y,44%49/4,]. (4.1) 


The above formula is a generalization of 
x|a;b,c,d,e,f | = x[a*p/def, b,c, ap/de, ap/df, ap/ef | 


which is obtained by taking a, = a, in (4.1). 
The generalization of the basic analogue of Whipple’s fundamental 
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three-term relationship* can also be obtained from (3.2). Use (3.2) to 
transform 
OQf a5 Ai o/a} ; A§ Ay9/Aj, Az M4 Ay9/Aj, Az Ay Ayo/Aj, Ag Ag Ayo/A}, 
Ay Ay 149/27, Ay Vo/a7] 
and 
Ql, Ay Ag/Aq A149; PAZ /Ay Ay Ay9, PA; /Ag Uy Ay9, Ay, Ag, Az Ag/A49, Az Ag/Ag]; 
in both cases the ,®, which occur are the same as those in (3.2). The 
Saalschiitzian series can be eliminated between the three results, but 
the formula which is obtained is too involved to be of any great interest. 


* (5.1) of (1). 
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CANONICAL FORM FOR A RIEMANNIAN SPACE 
WITH A PARALLEL FIELD OF NULL PLANES 


By A. G. WALKER (Sheffield) 


[Received 14 March 1949] 
1. Introduction 
In the present paper I give a canonical form for the general Riemannian 
n-space that admits a parallel field of null r-planes. Parallel null and 
partially null planes were defined and examined in a recent paper;t 
the chief properties needed here will be described briefly in § 2. 

By ‘canonical form’ is meant here the form of metric of a V, that has 
the desired property (in this case the property of admitting a parallel 
null r-plane) and into which the metric of every V,, having this property 
can be transformed by a suitable choice of coordinate system. This 
coordinate system is not, in general, unique, and it usually happens that 
the metric of a canonical form can be simplified still further by some 
suitable transformation. This possibility is interesting and will be con- 
sidered in certain special cases in §§ 6, 8. 

An example of a canonical form that is already well known because 
of its connexion with the problem of separability is that of a V, admitting 
a parallel non-null r-plane.{ In this case the metric tensor in the 
canonical form is, in matrix notation, 

A O 

on=(6 5) 

where A is a symmetric r Xr matrix function of coordinates 2",..., 2", 

and B is a symmetric (n—r)x(nm—r) matrix function of coordinates 

a’+1,...,2", these matrices being non-singular. A basis for the parallel 

r-plane is the set of vectors 84, 83,...,5!, and a basis for the parallel 
(n—r)-plane conjugate to the r-plane is the set of vectors 5¢,,,..., 5%. 

Another example of a canonical form was given by L. P. Eisenhart§ 
in the case of a V, admitting a strictly parallel r-plane, i.e. a system of 
r independent parallel vector fields. Eisenhart’s results will appear as 
special cases of ours and will be referred to again later. 

In a later paper I hope to give a canonical form for the general V,, 


(1) 


+ A. G. Walker, Quart. J. of Math. (Oxford) 20 (1949), 135-45. For convenience 
I shall now refer to a parallel plane when I mean a ‘parallel field of planes’. 

t See, for example, T. Y. Thomas, Monats. fiir Math. Phys. 47 (1939), 388. 

§ Annals of Math. 39 (1938), 316. 


Quart. J. Math. Oxford (2), 1 (1950), 69-79 
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admitting a parallel partially null plane. This will contain the result 
of the present paper as a special case, but it is nevertheless desirable 
for a better understanding of the method to consider parallel null 
planes before going on to the more complicated general problem. 

It will be assumed that there are allowable coordinate systems in 
which the components of the fundamental tensor and of the basis 
vectors of the parallel null plane are all either of class C® or analytic 
(of class C”). It will then be seen that the coefficients in certain com- 
plete systems of partial differential equations are of the same class C” 
(or C%), from which it follows by a known theorem that there exist 
independent solutions also of the same class. Such solutions will be 
needed to provide coordinates of another allowable system.+ 

The problem considered in the present paper is local in character, 
the canonical form being valid in some neighbourhood of V, in which 
there exists an allowable coordinate system. The question as to whether 
or not this canonical form gives rise to any geometrical properties in 
the large when we consider parallel planes defined over the whole of a 
topologically connected V, (as in the case of parallel non-null planes) 
must remain for future consideration. 


2. Parallel planes 

An m-plane p at a point P of V, is an m-dimensional vector space at 
P, and the (n—m)-plane p’ conjugate to p is the set of all vectors 
orthogonal to every vector of p. The null part p* of p is the inter- 
section of p and p’ and is a null plane, i.e. the vectors of p* are null 
and orthogonal to each other. If p* has dimensionality r, then 


2r<mt+r<cn. 


If p is parallel, i.e. is a field of parallel planes over V,, then p’ and p* 
are also parallel. Another parallel plane is p+ p’, this being the parallel 
(n—r)-plane conjugate to the r-plane p*. 

A basis of an m-plane is a set of m independent vectors in the plane. 
If Ai,) (« = 1, 2,...,m) is a basis of a parallel m-plane, then 

Maye = ABN (29 1) 2 


for some A’s, a comma denoting covariant differentiation in V,. 


+ Our problem can, of course, be formulated in a space of class C™ for finite m, 
but in this case, as was remarked by T. Y. Thomas (loc. cit. 402) the solutions 
of certain differential equations may not provide a transformation to an allowable 
coordinate system as required; the resulting canonical form would be of class 
C”— instead of C™. 
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Defining linear differential operators X, by 
X, = = Na Ph 


we find 
xX, Xp—Xg xX, (A x) Ap, 5 —Afp) Nia, 50; = (Ala) Abs —Nip) AXs)X, 
from (2). These operators thus satisfy relations of the form 
X,Xg—XgX, = Oi, X,, (3) 
a well-known consequence of which is that the system of partial 
differential equations X,f=0 (4) 
is complete, i.e. admits n—m independent solutions. We thus have the 


familiar theorem that, if A‘, is the basis of a parallel plane and if 
X ri then the system of equations X, f = 0 is complete. 


x (a) € i> 


3. Lemma on a system of differential equations 


I shall now prove the eT 


Lemma. Let X, (a = 1,2... be independent linear differential 
operators satisfying tien ¢ 3) for some O%g, and let d, be given 
functions of the x’s. Then the system of equations 

X,f = px (5) 
for f admit a solution if and only if 
X.bp—Xpb. = Pip dy- (6) 


I shall write Z for the suffix set (1,2,...,m), and M for the set 
(m+1.,..., n); thus a € L will denote « = 1, 2,...,m, ete. 

Conditions (6) are necessary because, from (3), 

X,4e—Xpbu = (XyXp—XpXq)f = O%X,f = O%~d, (a8, € L). 
To prove that they are sufficient, let F? (p ¢ M) be n—m independent 
solutions of the complete system X, F = 0, and transform to new 
coordinates x’? where 


g/t — yt oP — Fe (xe L, pe M). 


In the new system, omitting the primes, the equations X, F? = 0 
become X,, 2? = ry a,2° = 0, 
i.e. Mwy = 90 (aeL, pe M). (7) 


Since the operators X, are given independent, the rank of the matrix 
,) is m, and it follows from this and from (7) that 


MB || #0 (a, Be L). (8) 


(Ai 


(a 
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Consider now the equations 


Mo fp =. (a Be L); (9) 
these define functions /f,, f,,...,f,, uniquely because of (8). For «, B, y, 
5 € L we find 
Nx) do (8, fs— as Sf) 
= NayOy(Absy £5) —Atpy 2, (Akay fs) — Atay &y APs) — A) 2 ABy) fo 
— X4g—X pg bq—(XqA%4)—Xpr>») fs 
because of (7). Hence, from (3), (6), and (9), 
Nay Aa) (2, fs—Os f,) = O%ph,—O%_ 2, fs = 0, 
and it follows from (8) that 
0, fs—Os f, = 0. 
These equations show that there is a function f such that 
{. = af (x € L). 


This function satisfies equations (5) because of (7) and (9), and the 
lemma is proved. 


4. The canonical form 
The main theorem is as follows. 


THEOREM 1. A canonical form for the general V,, of class C® (or C”), 
admitting a parallel null r-plane is given by the fundamental tensor 


00 I 

(9:3) = (° A 1) (10) 
IH’ B 

where I is the unit rxr matrix and A, B, H, H’ are matrix functions of 

the coordinates, of the same class as V,, satisfying the following conditions 

but otherwise arbitrary: 

(i) A and B are symmetric, A is of order (n—2r) x (n—2r) and non- 
singular, B is of order rxr, H is of order (n—2r)xr, and H' is the 
transpose of H; 

(ii) A and H (and therefore H') are independent of the coordinates 
wi x?...., 2. 

A basis for the parallel null r-plane is the set of vectors 84, 53,..., 8) at 
every point of V,. 

It will be convenient to denote suffix sets thus 

i, = (i, 3....,¥), M = (r+1.,...,n—1), L’ = (n—r-+l.,..., 0). 
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Latin suffixes will take values 1, 2,...,n throughout, while Greek suffixes 
will take values as indicated. With so many different ranges involved 
it is not practicable to reserve a group of suffixes for each range. 

We shall start with a general V, having a parallel null r-plane and show 
that coordinates can be chosen so that the metric takes the form given 
in the theorem. The proof of the theorem is then completed when we 
show that every V, with a metric as in the theorem admits a parallel 
null r-plané, with basis as stated. 

Let p be the parallel r-plane and let p’ be the conjugate parallel 
(n—r)-plane. Then, since p is null, p’ contains p, and basis vectors 


can be chosen for p’ so that the first r of them (i.e. p €¢ L) form a basis 
for p. Since the basis vectors of p are orthogonal to the basis vectors 
of p’, we have . 
Giz Nay Xp) = 9 (aE L, pe L+M). (11) 
Writing X, = Xj,)2,, then, by the theorem of § 2 applied to the 
parallel plane p’, the system of equations 
X,f=0 (peL+M) (12) 
is complete and admits r independent solutions, say f‘*) (a’ € L’). 
Also, because p is parallel, the first r equations (12), i.e. 
X,f=90 (a«eL), (13) 
form a complete system and admit n—r independent solutions, r 
of which can be taken to be the solutions of (12). The solutions of 
(13) can therefore be written f™ (ue M-+-L’). 
The functions f‘*? (a«’ € L’) satisfy equations (12), i.e. 
Nf, =0 (peLtM, a’eL’). 
The r covariant vectors f; are thus orthogonal to every vector of p’ 
and so belong to p. These vectors are also independent because of the 


independence of the functions f‘, and can therefore be taken as a 
basis for p, so that 


; oe ; el 
Naw) = I" Kwdj> fia) = f™ ( = ) (14) 


a’ =atn—reL’ 
With this basis for p we find, for a, B € L, 

X,Xp—XpXq = P* (Laos Sip.ne—Ip,5 Fonz) 9" % 

= F* (fv, Aip,nn—Sp, j Soonn)o"* 2; (15) 
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since fg nx = Jig,xn- The vectors fg; are covariant basis vectors for the 
parallel plane p and therefore satisfy equations similar to (2), i.e. 


Jipnn = Abn Sort (B,y € L). 
These vectors are also null and mutually orthogonal, so that 
J faite =9 (a ye L). 
Substituting in (15), we finally get 
X,Xg—XgX,= 90 (a, Be L). (16) 
From these relations and by the lemma of § 3 we see that for any 
constants c, (a € L) the equations X, f = c, admit a solution. There 
are therefore r functions, say f‘ (a € L), which satisfy the equations 
X,f®=8 (a, Be L). (17) 
We now have a set of » functions f“ which can be proved indepen- 


dent. For consider a functional relation F(f) = 0. We have, for any 
ae L, 








= r — oF r(B) ‘Sh a ee oF 
0= KF = > aaa ~ > x “x, ft 


(f) (a) 
peM +L’ . iat af 


because of (13) and (17). Thus F involves at most the functions f/ 
(u € M+L’), and, since these were chosen to be independent, F must 
be identically zero. 
We observe that equations (17) and the equations 
X,fM=0 (we M+L’) 
resulting from (13) can together be written 
Nay [4 = 8, (we L). (18) 
Since the functions f of the coordinates are independent, we can 
define a new coordinate system x” by 
gt == f®, 
All tensors, including the basis vectors, transform in the usual way, 
and equations (14) and (18) are formally invariant. In the new 
coordinate system, omitting the primes, we have f® = x‘, f, = 8, 
and equations (18) become 
Nay = 54 (we L). (19) 
Writing (14) in the equivalent form 
9:3 Mx) =f™, («Ee L, a’ = a+n—r) 
and substituting A/,, = 64, f@, = 87, we have 
Jig = 8¥ (aE L, a =a+n—re L’). (20) 
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In the new coordinate system, therefore, the fundamental tensor has 
the form (10) with conditions (i) of the theorem satisfied, the matrix A 
being non-singular because ||A|| = (—12)"||9;;|| 4 9. 

It remains for us to prove that the matrices A and H are independent 
of x* («€ L), and for this we use the fact that the basis vectors A},) 
(« € L) of the parallel plane p satisfy equations of the form (2). From 
these equations and from (19), 


psi ny 1 *) ¢, 21 
Ark 8g Nw) k a (a, B E L) ( ) 
where fs] are Christoffel symbols of the second kind. When ic L, 

jk 
equations (21) merely determine Ab. ; the remaining equations, namely 
a =0 (aeL, pe M+L’), (22) 


are therefore necessary and sufficient conditions that the vectors in 
(19) should form the basis of a parallel plane. 

Because of (20), conditions (22) are equivalent to 

[pak] = 0 (ae Ll, pe L+WM) (23) 
j *| are the Christoffel symbols of the first kind. 


(jk) 


This follows from the fact that 


where [ijk] = gj, 


[ pak] dou (xe L, pe L+M, pe M+L’) 
\ 


since g,g = 0 (pe L+M, Be L); whence [pak] = 0 when al = 0 


and conversely, since ||g,,,|| = (—1)#"||A|| 40. We therefore have 


[pak] = 3(2.9pat+OxIpk— Ika) =9 (xe L, pe L+M). 
From (20), J, = 0 and gj. = 1 or 0. Conditions (23) are therefore 
equivalent to 
OxIpr =9 (xEL, pe L+M), 
showing that A and H in (10) are independent of x* (a € L). 
The above argument also shows that in a V, with metric as in the 
theorem, the r-plane with basis A/,, = é, (a € L) is parallel. This plane 


is null because 


9:j Xa) Xp) = Gap = 9 (a, BEL). 
The V, thus admits a parallel null r-plane. This completes the proof 
of the theorem. 
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5. The reciprocal matrix 


In the canonical form of Theorem 1 the contravariant fundamental 
tensor g is given by the reciprocal of the matrix in (10). This is easily 


found to be 
of 7 
(g4) = (® P | (24) 


I oO O 





where 
P= A-|, Q = H’AH—B, R= —A-1H, R’ = —H’'A-, 


Thus P, Q, R, R’ satisfy the same conditions as A, B, H, H’ respectively 
in Theorem 1. 

If desired, the canonical form may be regarded as given by (24) in 
place of (10), the matrices P, Q, R being arbitrary apart from the 
conditions referred to above. The matrices A, B, H, H’ in (10) are 
clearly expressible in terms of P, Q, R. 


6. Spaces admitting parallel null planes of maximum dimen- 
sionality 
The dimensionality r of a null plane in V, satisfies r< }n. For 
maximum dimensionality, therefore, we have two cases, according as n 
is even or odd. 


Case I: n= 2N. From Theorem 1 we see that a Wy admitting a 
parallel null N-plane has a canonical form given by 


Ol » 
on=(7 5) (25) 


where J is the unit N x N matrix and B is any symmetric N x N matrix 
function of the coordinates. We observe that, if the space and the 
N-plane are real, the signature of the space is zero at every point. 
This canonical form includes every V, of signature zero, for such a VY, 
must clearly admit a real parallel null 1-plane, in fact two such parallel 
1-planes; there are just two null 1-planes at each point, and, since the 
property of being null is preserved by parallel transport, it follows that 
these 1-planes must constitute two parallel fields. Coordinates in a 
of zero signature can therefore be chosen so that the metric takes the 


form ds* = 2dady+b(x, y) dy?, (26) 
a fact that is easily verified by direct transformation. This form also 


includes a V, with definite metric provided that we allow the coordinates 
to be imaginary. 
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Case II: n=2N+1. Here the maximum dimensionality of a 
parallel null plane is NV, and the corresponding canonical form is 


» eS F£ 
ij) =|O @ H (27) 
I HH’ B 


where H = (hy, hy,..., hy), @ # 0; a, hy,..., hy are independent of z",..., 2, 
and B is any symmetric N x N matrix function of the coordinates. 

Although we are not here concerned with the problem of specializa- 
tion, it is interesting in this case to observe that the coordinates can 
always be chosen so that a = +1, and H = 0, i.e. 


THEOREM 2. The canonical form of a Vox ,, admitting a parallel null 


N-plane is given by 


00 1 
(Gi) =(O € OF (€=+)), (28) 
I OB 


where I is the unit Nx N matrix and B is any symmetric N x N matrix 
function of the coordinates. 

To prove this, write a = ex? (e = +1) and choose functions 0, ¢',..., 6% 
to be independent of z!,...,2 and to satisfy 


a opr “ 
a a a | 


——_ = a, — = hy-exa— 
oyN+1 éaN+1 OxAt+N+1 
Now transform from 2‘ to X* where 


' . A = 1....,N 
7X A_} A rva8 ... a 4 - peers . 
linia ae Joe ( ‘= ia eed 


The matrix of this transformation is 


- IL’ @ 
oa == 6a) = O a-! M 
r 0 0 1 


where C is some NV x N matrix, L, M are row N-vectors given by 


¢ A c 
L a ¥ ), M = —o-( Sra) (A = 1,2,...,), 


GaN+1 OxAtN+1 


and L’ is the transpose of L. The transform of the matrix g = (9;;), 
i.e. the new fundamental tensor matrix, is P’gP; this takes the form 
(27) with a replaced by «, B replaced by some other N x N matrix, 
and H replaced by a!H+L-+e«M. This last vector is zero because of 
the definitions of 6 and ¢, and the theorem is proved. 
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7. Strictly parallel planes 

A field of r-planes is strictly parallel if each vector in the plane at a 
point P is carried by parallel transport into a vector in the plane at 
another point Q, the latter vector being the same for all paths from 
P to Q. It follows that an arbitrary basis at one point generates r 
parallel vector fields, the r vectors at any other point forming a basis 
for the plane at that point. If the strictly parallel r-planes are null, 
then the r parallel vector fields are null and orthogonal to each other. 

I shall now prove 

THEOREM 3. A canonical form for a V, admitting a strictly parallel null 
r-plane is as in Theorem 1 but with B as well as A and H independent 
oa oe 

With the notation used in § 4, let Ai, (a € L) be the parallel orthogonal 
null vector fields. Then _ 

Nin, =0 («ae L) (29) 
and the covariant vectors X,,); therefore satisfy X,,); ; = A(q,;- These are 
the conditions for the vectors to be gradients, so that functions 
Si {x € L) exist such that 

Nay = 9 foo; 
These functions are independent because the vectors A/,) are indepen- 
dent. Since also 
Fj Xa) Xie) =0 (a, Be L), 

we see that the functions f(,) defined here satisfy the differential 
equations (13) and may be taken to be the functions /f(,) in (14). It 
follows that, in the coordinate system for which the metric is given 
by (10), Ai, = 34, and equations (29) become 


ri ._ — : = 0. 
(a),k ( 


These equations are equivalent to 
[jak] = 32x 9j.t+CxIik—% Ira) = 9 (xe L), 
and, since we already have g;, = 1 or 0, it follows that 


Ox GI jk = 0 (ae L), 


i.e. every component g;; is independent of x* (a € L). 

The proof of the theorem is completed by observing that, in a V, 
with metric as in the theorem, the r vectors 8! at each point belong to 
r parallel vector fields which are null and mutually orthogonal. We 
thus have a true canonical form for a V, with a strictly parallel null 
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r-plane. This is equivalent to the form derived by a different method 


by Eisenhart.7 


8. Strictly parallel null planes of maximum dimensionality 
The canonical form for a Vy or Ry,, admitting a strictly parallel 

null plane of maximum dimensionality N is clearly obtained by com- 

bining the results of §§6 and 7. For a V,, we have (25) and for Ry,, we 


have (28), with B in each case independent of 21, z?,...,7%. The null 
parallel vector fields are 5, 3$,..., 54. 


These forms in the special cases for V, and V, were given independently 
by H. S. Ruse.t In the case of a V, admitting two orthogonal null 
parallel vector fields (i.e. a strictly parallel null 2-plane), the canonical 
form may be further simplified to become$ 


S 8 i 8 
0 0 0 1 , 
aN oe 30 
(9;;) eke o (30) 
0 1 0 86 


where b is any function of x, x*. 


+ Loc. cit. 
t+ H. 8S. Ruse, Proc. London Math. Soc. (2) 50 (1946-7), 317-29; 438-46. 
§ A. G. Walker, Proc. London Math. Soc. (in the press). 
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SUMMATIONS OVER LATTICE POINTS 
IN «-SPACE 


(A Supplementary Note) 
By 
S. BOCHNER (Princeton) and K. CHANDRASEKHARAN (Bombay) 
[Received 9 May 1949] 


THE object of this note is to give fuller explanations for some of the 
arguments in our earlier paper [see this Journal, 19 (1948), 238-48], to 
correct some misprints, and to clarify some of the notations. Professor 
de Briiijn has called our attention to some of these points. 
On p. 239 it would be better to use r?(A,,,h) and 
P(n,n) = A, 
in order to avoid ambiguity. In Lemma 5, |n| denotes the norm of the 
vector (7,...,%,) as in the original paper from which the lemma is 
quoted. In part (ii) of the lemma D% should be replaced by D2(n). In 
part (iii) differentiability at 2 means differentiability in a neighbourhood 
of x. On p. 242 (line 9) €?8+1 should read £28+«, In the line above (3.3) 
the reference is to Lemma 6 and not Lemma 5. In (3.6), a, should 
read a,;. The line after (3.11) should read: ‘where Q(y,y) = > ¢..Y,Ys» 
and (c,,) is the inverse of (b,,).’. In (3.12) the summation runs over all 
An < R* and not over m = 1 to ©. The formula below (3.12) should 
have @y, in place of éx,. In the proof of Theorem IT we use the convexity 
of the abscissa of summability (A,«x) of the series > a, A%; Lemma 4, 
which we quote for this purpose, is from [7, 60] instead of [7, 17], and 
is not in the exact form in which we use it; however it is known that 
they are equivalent statements; it is implicit in the work of M. Riesz 
[| Acta Szeged. 1 (1922), 118]. Immediately after Theorem IV we could 
derive 
THEOREM IV’. D> Arms h)I(27EVAy A, 


is summable (R;A, y) for 

y>B(K—1), s< 3—dket+hy, pol, & A QA4+1Lh4)) 
as we did in a similar situation towards the end of the paper. This 
follows upon using the asymptotic expansion of the Bessel function in 
conjunction with Theorem IV; and it is Theorem IV’ and not Theorem 
ITI that will give us the order of summability of (4.4). 


Quart. J. Math. Oxford (2), 1 (1950), 80 
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